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ON GENERALISED ABUNDANCE, II
VLADIMIR LAZIC´ AND THOMAS PETERNELL
Abstract. In our previous work, we introduced the Generalised Non-
vanishing Conjecture, which generalises several central conjectures in
algebraic geometry. In this paper, we derive some surprising nonvanish-
ing results for pluricanonical bundles which were not predicted by the
Minimal Model Program, by making progress towards the Generalised
Nonvanishing Conjecture in every dimension. The main step is to estab-
lish that a somewhat stronger version of the Generalised Nonvanishing
Conjecture holds almost always in the presence of metrics with gener-
alised algebraic singularities, assuming the Minimal Model Program in
lower dimensions.
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1. Introduction
In this paper we study the Generalised Nonvanishing Conjecture in every
dimension, and derive some surprising nonvanishing results for pluricanoni-
cal bundles which were not predicted by the Minimal Model Program.
Generalised Nonvanishing Conjecture. Let (X,∆) be a klt pair such
that KX + ∆ is pseudoeffective. Let L be a nef Q-divisor on X. Then for
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every t ≥ 0 the numerical class of the divisor KX + ∆ + tL belongs to the
effective cone.
If the numerical class of a divisor belongs to the effective cone, then we
call the divisor num-effective, see Section 2. The Generalised Nonvanishing
Conjecture as well as the Generalised Abundance Conjecture were intro-
duced in our paper [LP18b] as generalisations of several central conjectures
in algebraic geometry.
This conjecture contains as special cases the Nonvanishing Conjecture –
often viewed as part of the Abundance Conjecture – and the nonvanishing
part of the Semiampleness Conjecture (for nef line bundle on varieties with
numerically trivial canonical class).
1.1. Numerical versus linear equivalence. Constructing many non-tri-
vial effective or basepoint free divisors on a projective variety is one of the
main goals of the Minimal Model Program. Assume, for instance, that
(X,∆) is a projective klt pair such that KX +∆ is semiample. It is a basic
question to determine which Q-divisors D in the numerical class of KX +∆
are effective (that is, κ(X,D) ≥ 0) or semiample. If the numerical and Q-
linear equivalence on X coincide, i.e. if H1(X,OX ) = 0, then all such D are
trivially effective, respectively semiample, and one would expect that this is
the only case where such behaviour happens.
Our first main result is that, surprisingly, such behaviour happens al-
most always. More precisely, whether each such D is effective, respectively
semiample, depends not (only) on the vanishing of the cohomology group
H1(X,OX ), but on the behaviour of the Euler-Poincare´ characteristic of the
structure sheaf of X.
We obtain the following unconditional results in dimensions at most 3,
which were previously not even conjectured.
Theorem A. Let (X,∆) be a projective klt pair of dimension at most 3
such that KX +∆ is pseudoeffective. Assume that χ(X,OX) 6= 0.
(i) Then for every Q-divisor G with KX +∆ ≡ G we have κ(X,G) ≥ 0.
(ii) If KX +∆ is semiample, then every Q-divisor G with KX +∆ ≡ G
is semiample.
Theorem A is a special case of Corollaries 6.7 and 6.8 below.
Another instance where our results hold unconditionally in every dimen-
sion is the case where the numerical dimension is 1; this is the first highly
nontrivial case beyond those when the numerical dimension is 0 or maximal.
Theorem B. Let (X,∆) be a projective terminal pair of dimension n such
that KX +∆ is nef and let L be a nef Q-Cartier divisor on X. Assume that
ν(X,KX +∆+ L) = 1 and χ(X,OX ) 6= 0.
Then KX +∆+ tL is num-effective for all t ≥ 0.
This is proved in Section 7.
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As an illustration, consider a terminal Calabi-Yau pair (X,∆), i.e. a ter-
minal pair such that KX +∆ ≡ 0. Let L be a nef divisor on X of numerical
dimension 1. If χ(X,OX ) 6= 0, then L is num-effective.
1.2. Metrics with algebraic singularities. Theorem A above is a special
instance of more general results which work in all dimensions but require
inductive hypotheses.
Let (X,∆) be a klt pair such that KX +∆ is nef and X is not uniruled,
and let L be a nef Q-divisor on X. Our main technical result, Theorem 4.1
below, gives a general criterion for the existence of sections of some multiple
of KX + ∆+ L. The criterion generalises the main results of [LP18a]: the
proof uses the birational stability of the cotangent bundle from [CP15] (this
is where the non-uniruledness of X is necessary) together with the very
carefully chosen MMP techniques in Theorem 4.2 (this is where the nefness
of KX +∆ is used).
We then apply Theorem 4.1 to line bundles possessing metrics with gen-
eralised algebraic singularities; the importance of this class of metrics is
explained in Section 2. We expect these methods to be crucial in the reso-
lution of the Generalised Nonvanishing Conjecture.
In Section 6 we prove our central inductive statement.
Theorem C. Assume the termination of flips in dimensions at most n−1,
and the Abundance Conjecture in dimensions at most n− 1.
Let (X,∆) be a projective klt pair of dimension n such that KX + ∆ is
pseudoeffective, and let L be a nef Q-divisor on X. Suppose that KX+∆ and
KX + ∆ + L have singular metrics with generalised algebraic singularities
and semipositive curvature currents, and that χ(X,OX ) 6= 0.
(i) Then for every Q-divisor L′ with L ≡ L′ there exists a positive ra-
tional number t0 such that
κ(X,KX +∆+ tL
′) ≥ 0 for every 0 ≤ t ≤ t0.
(ii) Assume additionally the semiampleness part of the Abundance Con-
jecture in dimension n. Then
KX +∆+ tL is num-effective for every t ≥ 0.
With notation from Theorem C, we note that by [LP18b, Theorem A],
all divisors of the form KX + ∆ + L should possess singular metrics with
generalised algebraic singularities and semipositive curvature currents.
We mention a special case, where the conclusion of Theorem C is much
stronger: when KX +∆ and KX +∆+L additionally have smooth metrics
with semipositive curvature, or, more generally, singular metrics with semi-
positive curvature currents and vanishing Lelong numbers, then KX+∆+L
is actually semiample. This is Theorem 5.2, and the proof uses crucially the
main result of [GM17].
As a corollary of Theorem C, we obtain the following:
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Corollary D. Let (X,∆) be a projective klt pair of dimension 4 such that
KX +∆ is pseudoeffective and let L be a nef Q-divisor on X. Suppose that
KX +∆ and KX + ∆+ L have singular metrics with generalised algebraic
singularities and semipositive curvature currents, and that χ(X,OX ) 6= 0.
Then there exists a positive rational number t0 such that
κ(X,KX +∆+ tL) ≥ 0 for every 0 ≤ t ≤ t0.
Theorem C has an unexpected consequence for the Minimal Model Pro-
gram in terms of the existence of sections of divisors numerically equivalent
to adjoint divisors, generalising Theorem A to every dimension. The follow-
ing result is a special case of Corollary 6.5 and Theorem 6.6.
Theorem E. Assume the termination of flips in dimensions at most n− 1,
and the existence of good models in dimensions at most n.
Let (X,∆) be a projective klt pair of dimension n such that KX + ∆ is
pseudoeffective. Assume that χ(X,OX ) 6= 0.
(i) Then for every Q-divisor G with KX +∆ ≡ G we have κ(X,G) ≥ 0.
(ii) If KX +∆ is semiample, then every Q-divisor G with KX +∆ ≡ G
is semiample.
1.3. The Weak Generalised Nonvanishing Conjecture. As an impor-
tant part of this paper on which the previous results depend, we show that
the assumptions of the Generalised Nonvanishing Conjecture can be weak-
ened considerably. In fact, we reduce the Generalised Nonvanishing Conjec-
ture to the following.
Weak Generalised Nonvanishing Conjecture. Let (X,∆) be a Q-facto-
rial projective klt pair of dimension n such that X is not uniruled and KX+∆
is nef. Let L be a nef Q-divisor on X such that n(X,KX + ∆ + L) = n.
Then for every t ≥ 0 the numerical class of the divisor KX +∆+ tL belongs
to the effective cone.
Here, for any Q-Cartier divisor D on X, we denote by n(X,D) the nef
dimension of D, see Section 2. The condition n(X,D) = dimX is equivalent
to saying that X cannot be covered by curves C such that D · C = 0.
Conjecturally, when n(X,KX +∆+L) = dimX as above, then KX +∆+L
is big.
This conjecture is weaker than the Generalised Nonvanishing Conjecture
in three different ways: the variety X is not uniruled; the pair (X,∆) is
a minimal model; and the nef dimension of KX + ∆ + L is maximal; see
Section 2 for details.
In Section 3 we prove:
Theorem F. Assume the termination of klt flips in dimensions at most
n− 1, the Abundance Conjecture for klt pairs in dimensions at most n− 1,
the existence of minimal models of klt pairs in dimension n, and the Weak
Generalised Nonvanishing Conjecture in dimensions at most n.
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Let (X,∆) be an n-dimensional klt pair such that KX +∆ is pseudoeffec-
tive and let L be a nef Q-divisor on X.
(i) Then there exists a positive rational number t0 such that KX+∆+tL
is num-effective for every 0 ≤ t ≤ t0.
(ii) Assume additionally the semiampleness part of the Abundance Con-
jecture in dimension n. Then KX + ∆ + tL is num-effective for
every t ≥ 0, that is, the Generalised Nonvanishing Conjecture holds
in dimension n.
The heart of the argument is in Theorem 3.6, which essentially deals with
the situation when X is not uniruled, together with Theorem 3.1, which
deals with the situation when the nef dimension n(X,KX + ∆ + L) is not
maximal.
A more general version of the Generalised Nonvanishing Conjecture was
proposed by Han and Liu [HL18]. They do not require the divisor KX +∆
to be pseudoeffective and allow log canonical singularities, and they confirm
the conjecture in dimension 2.
2. Preliminaries
In this section we collect notation and technical lemmas that we use later.
2.1. Num-effectivity, models, MMP. Unless otherwise stated, a Q-di-
visor on a projective variety is assumed to be a Weil Q-divisor. We write
D ≥ 0 for an effective Q-divisor D on a normal variety X.
A Q-divisor L on a projective variety X is num-effective if the numerical
class of L belongs to the effective cone of X. A Q-divisor L on a projective
variety X is num-semiample if there exists a semiample Q-divisor L′ on X
such that L ≡ L′.
We need the following easy lemma.
Lemma 2.1. Let D and D′ be effective Q-Cartier Q-divisors on a normal
projective variety X and let L be a Q-Cartier Q-divisor on X. Assume that
SuppD = SuppD′. Then:
(a) D + tL is big for all t > 0 if and only if D′ + tL is big for all t > 0,
(b) there exists t0 > 0 such that D+tL is num-effective for all 0 ≤ t ≤ t0
if and only if there exists t′0 > 0 such that D
′ + tL is num-effective
for all 0 ≤ t ≤ t′0.
Proof. Assume that D + tL is big for all t > 0. Pick a positive integer m
such that mD′ ≥ D. Then for each t > 0, the divisor
m(D′ + tL) = (D +mtL) + (mD′ −D)
is big. This shows (a).
Now assume that D + tL is num-effective for all 0 ≤ t ≤ t0, for some
positive t0. Pick a positive integer m such that mD
′ ≥ D. Then for every
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0 ≤ t ≤ t0/m there exists an effective divisor F such that D +mt0L ≡ F ,
hence
m(D′ + tL) = D +mtL+ (mD′ −D) ≡ F + (mD′ −D) ≥ 0,
which gives (b). 
A fibration is a projective surjective morphism with connected fibres be-
tween two normal varieties.
If f : X → Y is a surjective morphism of normal projective varieties and
if D is a Q-divisor on X, then D is f -exceptional if codimY f(SuppD) ≥ 2.
Definition 2.2. Let X and Y be normal projective varieties, and let D be a
Q-Cartier Q-divisor on X. Let ϕ : X 99K Y be a birational contraction, and
assume that ϕ∗D is Q-Cartier. Then ϕ is D-non-positive (respectively D-
negative) if there exists a smooth resolution of indeterminacies (p, q) : W →
X × Y of ϕ such that
p∗D ∼Q q
∗ϕ∗D + E,
where E ≥ 0 is a q-exceptional Q-divisor (respectively, E ≥ 0 is a q-
exceptional Q-divisor and SuppE contains the proper transform of every
ϕ-exceptional divisor). If additionally ϕ∗D is semiample, the map ϕ is a
good model for D.
Lemma 2.3. Let ϕ : X 99K Y be a birational contraction between normal
projective varieties, where X has rational singularities. Let D be a Q-Cartier
Q-divisor on X such that ϕ∗D is Q-Cartier on Y and such that the map ϕ
is D-non-positive. If ϕ∗D is num-effective, then D is num-effective.
Proof. Let (p, q) : W → X × Y be a smooth resolution of indeterminacies of
ϕ. Since ϕ is D-non-positive, there exists an effective q-exceptional divisor
E on W such that
p∗D ∼Q q
∗ϕ∗D + E.
If there exists an effective Q-divisor G on Y such that ϕ∗D ≡ G, then
p∗D ≡ q∗G+ E ≥ 0,
hence D is num-effective by [LP18b, Lemma 2.14]. 
A pair (X,∆) consists of a normal variety X and a Q-divisor ∆ ≥ 0
such that KX+∆ is Q-Cartier. The standard reference for the foundational
definitions and results on the singularities of pairs and the Minimal Model
Program is [KM98], and we use these freely in this paper.
We recall additionally that flips for klt pairs exist by [BCHM10, Corollary
1.4.1]. We also use throughout the paper that for every projective klt pair
(X,∆), a small Q-factorialisation of (X,∆) exists, see [Kol13, Corollary
1.37]; and that a terminalisation of (X,∆) exists, see [BCHM10, paragraph
after Corollary 1.4.3]. A small Q-factorialisation of X is an isomorphism
over the Q-factorial locus of X, see [Deb01, 1.40].
The following result is well-known.
ON GENERALISED ABUNDANCE, II 7
Lemma 2.4. Let (X,∆) be a projective klt pair and let f : X → Y be a
fibration to a projective variety Y . If KX +∆ ≡f 0, then KX +∆ ∼f,Q 0.
Proof. Let F be a general fibre of f . Then (KX + ∆)|F ∼Q 0 by [Nak04,
Corollary V.4.9], and thus the pair (X,∆) has a good model over Y by
[HX13, Theorem 2.12]. Therefore, KX +∆ is f -semiample, and there exists
a fibration π : X → Z over Y and a Q-divisor A on Z which is ample over
Y such that KX + ∆ ∼Q π
∗A. As KX + ∆ ≡f 0, the map π must be an
isomorphism, and the lemma follows. 
2.2. Numerical dimension. We recall the definition of the numerical di-
mension from [Nak04, Kaw85b].
Definition 2.5. Let X be a normal projective variety, let D be a pseudo-
effective Q-Cartier Q-divisor on X and let A be any ample divisor on X.
Then the numerical dimension of D is
ν(X,D) = sup
{
k ∈ N | lim sup
m→∞
h0
(
X,OX (⌊mD⌋+A)
)
/mk > 0
}
.
When the divisor D is nef, then equivalently
ν(X,D) = sup{k ∈ N | Dk 6≡ 0}.
If D is not pseudoeffective, we set ν(X,D) = −∞.
The Kodaira dimension and the numerical dimension of a Q-divisor D
are preserved under any D-non-positive birational map, see for instance
[LP18b, §2.2]. If X is a normal projective variety, and if D and D′ are
pseudoeffective Q-divisors on X such that D′ − D is pseudoeffective, then
ν(X,D′) ≥ ν(X,D) by the proof of [Nak04, Proposition V.2.7].
If D is a pseudoeffective R-Cartier R-divisor on a smooth projective va-
riety X, and if Γ is a prime divisor on X, we denote by σΓ(D) Nakayama’s
multiplicity of D along Γ, see [Nak04, Chapter III] for the definition and the
basic properties.
For the proof of the following lemma we refer to [LP18b, Lemma 2.3].
Lemma 2.6. Let X, X ′, Y and Y ′ be normal varieties, and assume that
we have a commutative diagram
X ′
π′

f ′
// Y ′
π

X
f
// Y,
where π and π′ are projective birational. Let D be a Q-Cartier Q-divisor on
X and let E ≥ 0 be a π′-exceptional Q-Cartier Q-divisor on X ′. If F and
F ′ are general fibres of f and f ′, respectively, such that F ′ = π′−1(F ), then
ν(F,D|F ) = ν
(
F ′, (π′∗D + E)|F ′
)
.
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2.3. Nef reduction. In this paper we use crucially the nef reduction map.
The following is the main result of [BCE+02].
Theorem 2.7. Let L be a nef divisor on a normal projective variety X.
Then there exists an almost holomorphic dominant rational map f : X 99K
Y with connected fibres to a normal projective variety Y , called the nef
reduction of L, such that:
(i) L is numerically trivial on all compact fibres F of f with dimF =
dimX − dimY ,
(ii) for every very general point x ∈ X and every irreducible curve C on
X passing through x and not contracted by f , we have L · C > 0.
The map f is unique up to birational equivalence of Y and the nef dimension
n(X,L) of L is defined as the dimension of Y :
n(X,L) = dimY.
It is immediate from the definition that, with notation above, we have
n(X,L) = dimX if and only if L ·C > 0 for every irreducible curve C on X
passing through a very general point on X.
In the following lemmas we study how the nef dimension behaves under
morphisms and birational contractions.
Lemma 2.8. Let X be a normal projective variety of dimension n. Let
F and G be pseudoeffective divisors on X such that (F + G) · CX > 0 for
every curve CX on X passing through a very general point of X. Then for
every positive real number t and every curve C on X passing through a very
general point of X we have (F + tG) · C > 0.
Proof. The proof is the same as that of [LP18b, Lemma 2.11]. 
Lemma 2.9. Let f : X → Y be a birational morphism between normal
projective varieties of dimension n. Let D be a nef Q-divisor on Y and let
G = f∗D + E, where E ≥ 0 is f -exceptional. If G · CX > 0 for every curve
CX on X passing through a very general point on X, then n(Y,D) = n.
Proof. Denote V := f(Exc f). Assume thatG·CX > 0 for every curve CX on
X passing through a point in a very general subset UX ⊆ X, and assume that
n(Y,D) < n. Let ϕ : Y 99K Z be the nef reduction of D. Then dimY < n
and recall that ϕ is almost holomorphic. The set UY = Y \ f(X \ UX) is a
very general subset of Y such that f−1(UY ) ⊆ UX . If F is a very general
fibre of ϕ, then UY ∩F is a very general subset of F , and codimF (F ∩V ) ≥ 2.
Therefore, a very general complete intersection curve CY in F avoids the
set F ∩V and intersects UY ∩F . Then for C := f
−1(CY ) we have G ·C = 0
and C ∩ UX 6= ∅, a contradiction. 
Lemma 2.10. Let f : X → Y be a birational morphism between normal
projective varieties of dimension n. Let D be a Q-divisor on Y and let
G = f∗D + E, where E is a pseudoeffective divisor on X. Assume that
D · CY > 0 for every curve CY on Y passing through a very general point
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on Y . Then G · CX > 0 for every curve CX on X passing through a very
general point on X.
Proof. Assume that D · CY > 0 for every curve CY on Y passing through
a point in a very general subset UY ⊆ Y . We may assume that UY is
contained in the locus on Y over which f is an isomorphism. Since E
is pseudoeffective, there exists a very general subset UX ⊆ X such that
E · CX ≥ 0 for every curve CX on X passing through a point in UX . Then
for every curve C on X passing through a point in UX ∩ f
−1(UY ) we have
G · C ≥ f∗D · C = D · f(C) > 0. 
Corollary 2.11. Let ϕ : X 99K Y be a birational contraction between normal
projective varieties of dimension n. Let D be a Q-Cartier Q-divisor on X
such that ϕ∗D is Q-Cartier and nef, and assume that ϕ is D-non-positive.
If D · C > 0 for every curve C on X passing through a very general point
on X, then n(Y, ϕ∗D) = n.
Proof. Let (p, q) : W → X×Y be a resolution of indeterminacies of f . Since
ϕ is D-non-positive, there exists an effective q-exceptional divisor E on W
such that
p∗D ∼Q q
∗ϕ∗D + E.
By Lemma 2.10 we have p∗D · CW > 0 for every curve CW on W passing
through a very general point on W . But then the conclusion follows from
Lemma 2.9. 
2.4. Metrics on Q-divisors. We briefly recall the properties of metrics on
line bundles on projective varieties. For a more thorough treatment, see
[DPS01, Dem12, Bou04]. In the sequel, if F is a prime divisor on a smooth
projective variety X, then [F ] denotes the current of integration along F .
If h is a singular metric on a some line bundle, and if ϕ is a corresponding
local plurisubharmonic function, then I(h) = I(ϕ) denote the multiplier
ideal associated to h, respectively ϕ.
Let X be a smooth projective variety and let D be a Cartier divisor on
X. Then D is pseudoeffective if and only if OX(D) has a singular metric
h whose associated curvature current Θh(D) is semipositive (as a current);
we also write Θh(D) ≥ 0.
1 Equivalently, D is pseudoeffective if and only if
its Chern class c1(D) contains a closed semipositive current.
Recall that by Demailly’s regularisation technique [Dem12, §15.B], every
pseudoeffective line bundle on a smooth projective variety can be equipped
with a sequence of singular metrics with algebraic singularities whose cur-
vature currents converge to a semipositive current; for the definition of met-
rics with algebraic singularities, see for instance [LP18a]. Thus, line bundles
possessing singular metrics with algebraic singularities and semipositive cur-
vature current form an important subclass of pseudoeffective line bundles;
1Often in the literature such currents are called positive.
10 VLADIMIR LAZIC´ AND THOMAS PETERNELL
for instance, all hermitian semipositive line bundles belong to this class, as
well as all num-effective line bundles.
In this paper, we consider a more general class of metrics with generalised
algebraic singularities. This class of singularities behaves very well under
the operations of the Minimal Model Program.
Definition 2.12. Let X be a normal complex projective variety and D a
Cartier divisor on X. We say that D has a metric with generalised algebraic
singularities and semipositive curvature current, if there exists a resolution
of singularities π : Y → X such that the line bundle π∗OX(D) has a singular
metric h whose curvature current is semipositive, and the Siu decomposition
(see, for instance, [Bou04, §2.2]) of Θh(π
∗D) has the form
Θh(π
∗D) = Θ +
∑
λj [Dj ],
where Θ ≥ 0 is a current whose all Lelong numbers are zero, and
∑
λj[Dj ]
is a Q-divisor on Y . We then say that the metric h descends to Y .
If D is a Q-Cartier divisor, we say that D has a metric with generalised
algebraic singularities and semipositive curvature current, if there exists a
positive integer m such that mD is Cartier and mD has a metric with
generalised algebraic singularities and semipositive curvature current.
Since the pullback of a (1, 1)-current whose all Lelong numbers are zero
by a proper morphism is again a (1, 1)-current whose all Lelong numbers
are zero by [Fav99, Corollary 4], the pullback of any (1, 1)-current with
generalised algebraic singularities is again a (1, 1)-current with generalised
algebraic singularities.
The class of metrics (or currents) with generalised algebraic singularities
contains several other important classes of metrics: metrics with algebraic
singularities, metrics whose all Lelong numbers are zero (in particular, all
hermitian semipositive metrics are in this class), as well as currents of inte-
gration along effective divisors.
Remark 2.13. In the notation from Definition 2.12, the current Θ is nef
by [Dem92, Corollary 6.4]. Therefore, D has a weak Zariski decomposition
in the sense of [Bir12, Definition 1.3].
The following lemma allows to calculate the multiplier ideal of a metric
with generalised algebraic singularities.
Lemma 2.14. Let X be a complex manifold and let ϕ and ψ be two plurisub-
harmonic functions on X. Let x be a point in X and assume that the Lelong
number of ϕ at x is zero. Then
I(ϕ+ ψ)x = I(ψ)x.
In particular, let L be a line bundle on a projective manifold X and let h
be a singular metric on L with semipositive curvature current whose Siu
decomposition is
Θh(L) = Θ +
∑
λi[Di],
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where all Lelong numbers of Θ are zero and
∑
Di is a simple normal cross-
ings divisor. Then
I(h⊗m) = OY
(
−
∑
⌊mλj⌋Dj
)
for every positive integer m.
Proof. Since ϕ is locally bounded from above, we have
I(ϕ+ ψ)x ⊆ I(ψ)x,
and it suffices to show the reverse inclusion; note that by [DEL00, Theorem
2.6(ii)] one has even the stronger inclusion
I(ϕ+ ψ)x ⊆ I(ϕ)x · I(ψ)x.
By [GZ15] there exists a positive rational number p > 1 such that I(pψ) =
I(ψ), and let q > 1 be a rational number such that 1p +
1
q = 1. Fix f ∈
I(pψ)x, and we may assume that f ∈ I(pψ)(U) for an open set x ∈ U ⊆ X.
Since qϕ has the Lelong number zero at x, we have I(qϕ)x = OX,x by
Skoda’s lemma [Dem12, Lemma 5.6], hence we may assume that |f |2e−2qϕ
is integrable on U . Therefore, Ho¨lder’s inequality gives∫
U
|f |2e−2(ϕ+ψ) ≤
(∫
U
|f |2e−2qϕ
) 1
q
(∫
U
|f |2e−2pψ
) 1
p
<∞,
hence f ∈ I(ϕ+ ψ)(U), as desired. 
The following results connect metrics with generalised algebraic singular-
ities with birational geometry.
Lemma 2.15. Let f : X → Y be a surjective morphism from a smooth
projective variety X to a normal projective variety Y . Let D be a pseudo-
effective Q-Cartier divisor on Y and let G = f∗D +
∑
eiEi, where Ei are
f -exceptional prime divisors on X and ei ≥ 0 are rational numbers. Let T
be a closed semipositive current in c1(G).
Then T −
∑
ei[Ei] is a semipositive current.
Proof. Let Tmin be a closed semipositive current with minimal singularities
in c1(G), see for instance [Bou04, §2.8]. For each i, let λmin,i and λi denote
the Lelong numbers of Tmin, respectively T , along Ei. Then we have
σEi(G) ≤ λmin,i
by [Bou04, Proposition 3.6(i)], and λmin,i ≤ λi by the definition of the
current with minimal singularities. On the other hand, we have
ei ≤ σEi(G)
by [GL13, Lemma 2.16]. The lemma follows by combining all this with the
Siu decomposition of T . 
Corollary 2.16. Let X be a normal projective variety and let D be a Q-
Cartier Q-divisor on X. Let f : X 99K Y be a birational contraction such
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that f∗D is Q-Cartier, and assume that f is D-non-positive. If D has a sin-
gular metric with generalised algebraic singularities and semipositive cur-
vature current, then f∗D has a singular metric with generalised algebraic
singularities and semipositive curvature current.
Proof. Let (p, q) : W → X × Y be a resolution of indeterminacies of f such
that W is smooth. Then there exist q-exceptional prime divisors Ei on W
and rational numbers ei ≥ 0 such that
(1) p∗D ∼Q q
∗f∗D +
∑
eiEi.
We may assume that the given metric with generalised algebraic singularities
on D descends to W . Then the associated curvature current T has the Siu
decomposition of the form
T = Θ+
∑
λi[Di],
where Θ ≥ 0 has all Lelong numbers zero,
∑
Di is a simple normal crossings
divisor and λi are positive rational numbers for all i. By (1) and by Lemma
2.15 we have
∑
λiDi ≥
∑
eiEi, thus
Θ +
∑
λi[Di]−
∑
ei[Ei]
is a semipositive curvature current in c1(q
∗f∗D). This proves the result. 
We use below crucially the following hard Lefschetz theorem from [DPS01,
Theorem 0.1].
Theorem 2.17. Let X be a compact Ka¨hler manifold of dimension n with a
Ka¨hler form ω. Let L be a pseudoeffective line bundle on X with a singular
hermitian metric h such that Θh(L) ≥ 0. Then for every nonnegative integer
q the morphism
H0
(
X,Ωn−qX ⊗L⊗ I(h)
) ωq∧• // Hq(X,ΩnX ⊗ L⊗ I(h))
is surjective.
3. Reduction to the
Weak Generalised Nonvanishing Conjecture
In this section we prove Theorem F. In other words, in order to prove
the Generalised Nonvanishing Conjecture, we may assume that X is not
uniruled, that KX +∆ is nef, and that the nef dimension of KX +∆+L is
maximal.
We achieve this in several steps. An important step is the proof of the
following result announced in the introduction.
Theorem 3.1. Assume the termination of flips in dimensions at most n−1,
the Abundance Conjecture in dimensions at most n−1, and the Generalised
Nonvanishing Conjecture in dimensions at most n− 1.
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Let (X,∆) be a projective klt pair of dimension n with KX +∆ pseudo-
effective, and let L be a nef Cartier divisor on X such that KX +∆+ L is
nef and n(X,KX +∆+ L) < n.
Then KX +∆+ tL is num-effective for every t ≥ 0.
The proof of Theorem 3.1 is similar to the proof of [LP18b, Theorem 5.3],
and the proof of Theorem 3.6 follows the strategy of [DL15].
We start with the following lemma.
Lemma 3.2. Assume the Weak Generalised Nonvanishing Conjecture in
dimension n, the existence of minimal models of klt pairs in dimension n,
the Abundance Conjecture in dimensions at most n−1, and the termination
of flips in dimension n− 1.
Assume Theorem 3.1 in dimension n. Let (X,∆) be a klt pair of dimen-
sion n such that KX + ∆ is pseudoeffective. Then κ(X,KX + ∆) ≥ 0 and
every sequence of flips of (X,∆) terminates.
Proof. By [HMX14, Corollary 1.2] it suffices to show that κ(X,KX +∆) ≥
0. By our assumptions, there exists a minimal model of (X,∆). Hence,
replacing (X,∆) by this minimal model, we may assume that KX + ∆ is
nef.
By Theorem 3.1 and by [CKP12, Theorem 0.1] we have κ(X,KX+∆) ≥ 0
if n(X,KX +∆) < n. Therefore, we may assume that n(X,KX+∆) = n. If
X is not uniruled, then we conclude by the Weak Nonvanishing Conjecture.
If X is uniruled, by passing to a terminalisation of (X,∆) we may assume
that (X,∆) is terminal. Then KX is not pseudoeffective, and we conclude
that κ(X,KX +∆) ≥ 0 by [DL15, Theorem 3.3]. 
3.1. Achieving nefness of KX + ∆ + L. The first step is to achieve the
nefness of KX +∆+ L.
Proposition 3.3. Let (X,∆) be a projective klt pair of dimension n such
that KX+∆ is pseudoeffective. Assume that any sequence of flips of the pair
(X,∆) terminates. Let L be a nef Cartier divisor on X and let m > 2n be a
positive integer. Then there exists an L-trivial (KX +∆)-MMP ϕ : X 99K Y
such that KY + ϕ∗∆+mϕ∗L is nef.
Proof. Apart from the different assumptions, this is [LP18b, Proposition
4.1]. The only thing to note is that the proof of that result uses the termi-
nation of flips only for the given pair (X,∆), and not for all klt pairs. 
Therefore, we obtain:
Proposition 3.4. Assume the Weak Nonvanishing Conjecture in dimen-
sion n, the existence of minimal models of klt pairs in dimension n, the
Abundance Conjecture (for klt pairs) in dimensions at most n − 1, and the
termination of flips in dimension n− 1.
Assume Theorem 3.1 in dimension n. In order to prove Theorem F, it
suffices to assume that L is Cartier and KX +∆+ L is nef.
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Proof. First note that any sequence of flips of the pair (X,∆) terminates by
Lemma 3.2. Then by Proposition 3.3 there exists an L-trivial (KX + ∆)-
MMP ϕ : X 99K Y such that KY +ϕ∗∆+mϕ∗L is nef for some fixed m≫ 0.
Denote ∆Y := ϕ∗∆ and LY := mϕ∗L. Then KY +∆Y + LY is nef and by
Lemma 2.3 it suffices to show that KY +∆Y + tLY is num-effective for every
t ≥ 0. 
3.2. Non-maximal nef dimension. We first deal with the case of non-
maximal nef dimension – we prove Theorem 3.1. More precisely, we have
the following inductive step.
Theorem 3.5. Assume the termination of flips in dimensions at most n−
1, the Abundance Conjecture in dimensions at most n − 1, and the Weak
Generalised Nonvanishing Conjecture in dimensions at most n− 1.
Then Theorem F in dimension n − 1 implies Theorem 3.1 in dimension
n.
Proof. Let (X,∆) be a projective klt pair of dimension n with KX + ∆
pseudoeffective, and let L be a nef Cartier divisor on X such thatKX+∆+L
is nef and n(X,KX +∆+L) < n. We need show that KX +∆+ tL is num-
effective for every t ≥ 0.
Step 1. In this step we show that we may assume the following:
Assumption 1. There exist a morphism ϕ : X → Y to a smooth projective
variety Y with dimY < dimX and a nef Q-divisor LY on Y such that
L ≡ ϕ∗LY and ν
(
X, (KX +∆)|F
)
= 0 for a general fibre F of ϕ. However,
we may not any more assume that KX +∆+ L is nef.
To this end, first note that by passing to a small Q-factorialisation and
by [LP18b, Lemma 2.14], we may assume first that X is Q-factorial. Fix a
positive integer m > 2n. Then
n(X,KX +∆+mL) < n
by Lemma 2.8. Let
ϕ : X 99K Y
be the nef reduction ofKX+∆+mL. Then dimY = n(X,KX+∆+mL) < n,
and KX +∆+mL is numerically trivial on a general fibre of ϕ. By [LP18b,
Lemma 2.8] this implies that both KX +∆ and L are numerically trivial on
a general fibre of ϕ.
Recall that ϕ is almost holomorphic. Let (π̂, ϕ̂) : X̂ → X×Y be a smooth
resolution of indeterminacies of the map ϕ. Write
KX̂ + ∆̂ ∼Q π̂
∗(KX +∆) + Ê,
where ∆̂ and Ê are effective Q-divisors without common components. Then
if F̂ is a general fibre of ϕ̂, then ν
(
F̂ , (K
X̂
+ ∆̂)|
F̂
)
= 0 by Lemma 2.6, and
L̂ := π̂∗L is numerically trivial on F̂ .
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By [LP18b, Lemma 3.1] there exist a birational morphism π : Y ′ → Y
from a smooth projective variety Y ′, a nef Q-divisor LY ′ on Y
′, a smooth
projective variety X ′ and a commutative diagram
X ′
ϕ′

π′ // X̂
ϕ̂

Y ′ π
// Y
such that, if we set L′ := π′∗L̂, then
L′ ≡ ϕ′∗LY ′ .
We may write
KX′ +∆
′ ∼Q π
′∗
(
KX̂ + ∆̂
)
+ E′,
where ∆′ and E′ are effective Q-divisors onX ′ without common components.
Then if F ′ is a general fibre of ϕ′, then ν
(
F ′, (KX′ +∆
′)|F ′
)
= 0 by Lemma
2.6. Since
KX′ +∆
′ + tL′ ∼Q π
′∗π̂∗(KX +∆+ tL) + π
′∗Ê + E′
for t ≥ 0, and since X is Q-factorial, it suffices to show that KX′ +∆
′+ tL′
is num-effective for any t ≥ 0.
Therefore, by replacing X by X ′, ∆ by ∆′, L by L′, and ϕ by ϕ′, we
achieve Assumption 1.
Step 2. We now run any relative (KX+∆)-MMP with scaling of an ample
divisor over Y , and note that this MMP is L-trivial by Assumption 1. Since
ν
(
X, (KX +∆)|F
)
= 0 for a general fibre F of ϕ by Assumption 1, the pair
(F,∆|F ) has a good model by [Dru11, Corollaire 3.4] and [Nak04, Corollary
V.4.9]. Therefore, by [HX13, Theorem 2.12], this MMP terminates with a
relative good model Xmin of (X,∆) over Y . Denote by
θ : X 99K Xmin
the corresponding birational morphism and by
ϕmin : Xmin → Y
the induced morphism to Y . Set ∆min := θ∗∆ and Lmin := θ∗L. Let
τ : Xmin → T
be the map to the relative canonical model T over Y , with induced morphism
ϕT : T → Y , yielding the commutative diagram
X
ϕ
❅
❅❅
❅❅
❅❅
❅
θ //❴❴❴❴❴❴❴ Xmin
τ
		
ϕmin
||③③
③③
③③
③③
Y oo ϕT T.
16 VLADIMIR LAZIC´ AND THOMAS PETERNELL
Notice that dimT < n by Assumption 1. Moreover, there exists a ϕT -
ample Q-divisor A on T such that KXmin + ∆min ∼Q τ
∗A. By [Amb05,
Theorem 0.2] there exists an effective Q-divisor ∆T on T such that the pair
(T,∆T ) is klt and such that
KXmin +∆min ∼Q τ
∗(KT +∆T ).
Therefore, since θ is L-trivial as noted above, for any t ≥ 0 we have
KXmin +∆min + tLmin ∼Q τ
∗(KT +∆T + tϕ
∗
TLY ).
By the assumptions of the theorem and since we assume Theorem F in di-
mension n−1, the Generalised Nonvanishing Conjecture holds in dimensions
at most n−1. Therefore, for each t ≥ 0 the divisorKT+∆T+tϕ
∗
TLY is num-
effective, and therefore, the previous equation shows that for every t ≥ 0 the
divisor KXmin +∆min+ tLmin is num-effective. But then each KX +∆+ tL
is num-effective by Lemma 2.3. 
3.3. An auxiliary result.
Theorem 3.6. Assume the termination of flips in dimensions at most n−1,
and the Weak Generalised Nonvanishing Conjecture in dimension n.
Let (X,∆) be an n-dimensional projective Q-factorial terminal pair such
that KX +∆ is pseudoeffective, and let L be a nef Q-divisor on X. Assume
that there exists an effective Q-divisor D such that
KX +∆ ∼Q D ≥ 0 and Supp∆ ⊆ SuppD.
Then there exists a rational t0 > 0 such that KX +∆+ tL is num-effective
for every 0 < t ≤ t0.
Proof. We follow the arguments of [DL15].
Step 1. We need to show that there exists a rational t0 > 0 such that
(2) D + tL is num-effective for every 0 < t ≤ t0.
Let f : X ′ → X be a log resolution of the pair (X,D). Then we may write
(3) KX′ +∆1 ∼Q f
∗(KX +∆) + F
′,
where ∆1 and F
′ are effective Q-divisors with no common components, and
∆1 = f
−1
∗ ∆ since (X,∆) is a terminal pair. For a rational number 0 < ε≪ 1,
denote ∆2 := ∆1 + ε(f
∗D + F ′) and D2 := (1 + ε)(f
∗D + F ′). Then the
assumptions of the theorem and (3) give
KX′ +∆2 ∼Q D2 ≥ 0 with Supp∆2 = SuppD2,
where the pair (X ′,∆2) is terminal and log smooth. Denote L
′ := f∗L.
Then
D2 + tL
′ ∼Q (1 + ε)f
∗
(
D + t1+εL
)
+ (1 + ε)F ′.
Therefore, since F ′ is effective and f -exceptional, by (2) it suffices to show
that there exists a rational t2 > 0 such that
(4) D2 + tL
′ is num-effective for every 0 < t ≤ t2.
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Set ∆′ := ⌈∆2⌉ and D
′ := D2 + ⌈∆2⌉ −∆2. Then
KX′ +∆
′ ∼Q D
′ ≥ 0 with Supp∆′ = SuppD′,
where the pair (X ′,∆′) is log smooth and ∆′ is a reduced divisor. By (4)
and by Lemma 2.1, it suffices to show that there exists a rational t′0 such
that
(5) D′ + tL′ is num-effective for every 0 < t ≤ t′0.
Step 2. Let m be the smallest positive integer such that
m(KX′ +∆
′) ∼ mD′,
and denote G′ = mD′. Let π : X ′′ → X ′ be the normalisation of the cor-
responding m-fold cyclic covering ramified along G′. The variety X ′′ is
irreducible by [EV92, Lemma 3.15(a)] since m is minimal. Then there exists
an effective Cartier divisor D′′1 on X
′′ such that
(6) π∗G′ = mD′′1 and π
∗(KX′ +∆
′) ∼ D′′1 ,
and let ∆′′1 = (D
′′
1 )red. By the Hurwitz formula, we have
(7) KX′′ +∆
′′
1 = π
∗(KX′ +∆
′).
Pick a rational number 0 < δ ≪ 1 such that
∆′′ := ∆′′1 − δπ
∗∆′ ≥ 0, D′′ := D′′1 − δπ
∗∆′ ≥ 0 and SuppD′′ = SuppD′′1 .
Then
KX′′ +∆
′′ = π∗
(
KX′ + (1− δ)∆
′
)
and KX′′ +∆
′′ ∼Q D
′′,
and therefore, the pair (X ′′,∆′′) is klt by [KM98, Proposition 5.20]. Denote
L′′ := π∗L′. By (5) and by [LP18b, Lemma 2.15] it suffices to show that
there exists a rational t′′1 > 0 such that
D′′1 + tL
′′ is num-effective for every 0 < t ≤ t′′1.
Since SuppD′′ = SuppD′′1 , by Lemma 2.1 it suffices to show that there exists
a rational t′′0 > 0 such that
(8) D′′ + tL′′ is num-effective for every 0 < t ≤ t′′0.
Step 3. We claim that X ′′ is not uniruled and that κ(X ′′,KX′′) ≥ 0.
Assuming the claim, we show first that it implies the theorem.
The assumptions of the theorem and [HMX14, Corollary 1.2] then imply
that any sequence of flips of the pair (X ′′,∆′′) terminates. Therefore, by
Proposition 3.3 there exists an L′′-trivial (KX′′ + ∆
′′)-MMP ϕ : X ′′ 99K Y
such that KY + ϕ∗∆
′′ + mϕ∗L
′′ is nef for some fixed m ≫ 0. Denote
∆Y := ϕ∗∆
′′ and LY := ϕ∗L
′′. By (8) and by Lemma 2.3 it suffices to show
that there exists a rational tY0 > 0 such that
(9) KY +∆Y + tLY is num-effective for every 0 < t ≤ t
Y
0 .
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As above, any sequence of flips of the pair (Y,∆Y ) terminates. As in Step
1 and the beginning of Step 2 of the proof of [LP18b, Lemma 5.2], there is
a birational contraction
θ : (Y,∆Y ) 99K (Ymin,∆min)
which is a composition of a sequence of operations of a (KY + ∆Y )-MMP,
there is a positive rational number λ and a divisor Lmin := θ∗(mLY ) on Ymin
such that:
(a) KYmin +∆min is nef and s(KYmin +∆min) +Lmin is nef for all s ≥ λ,
(b) the map θ is
(
s(KY +∆Y ) +mL)-negative for s > λ.
Denote M := λ(KYmin +∆min)+Lmin; thusM is nef by (a). By the Weak
Generalised Nonvanishing Conjecture, the divisor
KYmin +∆min + tM = t
(
(λ+ 1/t)(KYmin +∆min) + Lmin
)
is num-effective for every t > 0. Then by (b) and by Lemma 2.3, the divisor
KY +∆Y + tLY is num-effective
for all 0 < t ≤ m/λ. This proves (i) and finishes the proof of the theorem.
Step 4. It remains to prove the claim from Step 3. Let g : W → X ′′ be a
log resolution of the pair (X ′′,∆′′1). By (6) and (7) we may write
(10) KW +∆W ∼Q g
∗(KX′′ +∆
′′
1) + EW ∼ g
∗D′′1 + EW ,
where ∆W and EW are effective Q-divisors with no common components.
We claim that ∆W and EW are integral divisors. Let E
′′ be a geomet-
ric valuation over X ′′. Then by [DL15, Proposition 2.14], there exists a
geometric valuation E′ over X ′ and an integer 1 ≤ r ≤ m such that
a(E′′,X ′′,∆′′1) + 1 = r
(
a(E′,X ′,∆′) + 1
)
.
Since (X ′,∆′) is log smooth and ∆′ is reduced, we have a(E′,X ′,∆′) ∈ Z,
hence a(E′′,X ′′,∆′′1) ∈ Z, which proves the claim.
Therefore, the divisor
GW := g
∗D′′1 +EW −∆W
is Cartier, and by (10) we have
KW ∼Q GW .
Then it suffices to show that
(11) GW ≥ 0, and in particular, κ(W,KW ) ≥ 0.
Indeed, this implies thatW is not uniruled. Since KX′′ ∼Q g∗KW , the claim
from Step 3 follows.
In order to show (11), fix a component S′′ of ∆W . Then a(S
′′,X ′′,∆′′1) =
−1. By [DL15, Proposition 2.14], there exists a geometric valuation S′ over
X ′ and an integer 1 ≤ r ≤ m such that π
(
cX′′(S
′′)
)
= cX′(S
′) and
a(S′′,X ′′,∆′′1) + 1 = r
(
a(S′,X ′,∆′) + 1
)
.
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Here, cX′′(S
′′) denotes the center of S′′ on X ′′, and analogously for cX′(S
′).
This implies a(S′,X ′,∆′) = −1, thus cX′(S
′) ⊆ Supp∆′ because (X ′,∆′) is
log smooth. From here we obtain cX′′(S
′′) ⊆ π−1(Supp∆′) = SuppD′′1 , and
in particular, S′′ ⊆ Supp g∗D′′1 . Therefore,
multS′′ g
∗D′′1 ≥ 1 = multS′′ ∆W .
Now (11) follows by the definition of GW . This finishes the proof. 
3.4. Non-pseudoeffective canonical class.
Lemma 3.7. Assume the termination of flips in dimensions at most n− 1,
the Abundance Conjecture in dimensions at most n − 1, the existence of
minimal models in dimension n, and the Weak Generalised Nonvanishing
Conjecture in dimension n.
Assume Theorem 3.1 in dimension n. Let (X,∆) be an n-dimensional
projective Q-factorial terminal pair such that KX + ∆ is pseudoeffective,
and let L be a nef Q-divisor on X. Assume that KX is not pseudoeffective.
Then κ(X,KX + ∆) ≥ 0 and there exists a rational t0 > 0 such that
KX +∆+ tL is num-effective for every 0 < t ≤ t0.
Proof. Define
τ := min{t ∈ R | KX + t∆ is pseudoeffective}.
Observe that 0 < τ ≤ 1 by our assumptions. Then by [DL15, Theorem 3.3]
there exists a Q-divisor Dτ ≥ 0 such that KX + τ∆ ∼Q Dτ . This yields
KX +∆ ∼Q D ≥ 0, where D = Dτ + (1− τ)∆.
Pick a rational number 0 < µ ≪ 1 such that the pair
(
X, (1 + µ)∆
)
is
terminal, and denote ∆′ := (1 + µ)∆. Observe that
KX +∆
′ ∼Q D + µ∆ and Supp∆
′ ⊆ Supp(D + µ∆).
Then by Theorem 3.6 there exist a rational number λ > 0 and an effective
Q-divisor G such that
(12) KX + (1 + µ)∆ + λL ≡ G.
Pick a rational number 0 < δ ≪ 1 such that the pair
(
X, (1− δ)∆+ δµG
)
is terminal, and denote ∆X := (1− δ)∆ +
δ
µG. Then by (12) we have
KX +∆X ≡
(
1 + δµ
)(
KX +∆+
δλ
δ+µL
)
.
In particular, KX +∆X is pseudoeffective. Since then κ(X,KX +∆X) ≥ 0
by Lemma 3.2, the result follows. 
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3.5. Proofs of Theorems F and 3.1. We finally have all the ingredients
to prove Theorems F and 3.1.
Theorem 3.8. Assume the termination of flips in dimensions at most n−1,
the Abundance Conjecture in dimensions at most n − 1, the existence of
minimal models in dimension n, and the Weak Generalised Nonvanishing
Conjecture in dimension n.
Then Theorem 3.1 in dimension n implies Theorem F in dimension n.
Proof. Let (X,∆) be an n-dimensional projective klt pair such that KX+∆
is pseudoeffective, and let L be a nef Q-divisor on X. By Proposition 3.4
and by Lemma 2.3 we may assume that KX +∆+ L is nef.
Step 1. If n(X,KX +∆+ L) < n, then we conclude by Theorem 3.1.
Step 2. Therefore, from now on we may assume that
n(X,KX +∆+ L) = n.
We first prove that in this case part (i) of Theorem F implies part (ii) of
Theorem F. Indeed, then there exists an effective Q-divisor N such that
KX +∆+ t0L ≡ N.
Pick a small positive rational number ε such that (X,∆ + εN) is klt. We
have
κ(X,KX +∆+ εN) ≥ 0
by (i), hence by [HMX14, Corollary 1.2] there exists a (KX+∆+εN)-MMP
ϕ : X 99K Y
which terminates. The divisor KY +ϕ∗∆+εϕ∗N is semiample, since we are
assuming the semiampleness part of the Abundance Conjecture in dimension
n. Since n(X,KX +∆+ L) = n, we have
(KX +∆+ εN) · C > 0
for every curve C onX passing through a very general point on X by Lemma
2.8, and therefore
n(Y,KY + ϕ∗∆+ εϕ∗N) = n
by Corollary 2.11. But then KY + ϕ∗∆+ εϕ∗N is big, hence KX +∆+ εN
is also big. As
KX +∆+ εN ≡ (1 + ε)(KX +∆) + εt0L,
andKX+∆ and L are both pseudoeffective, it is easy to see thatKX+∆+tL
is big for all t > 0.
Step 3. It remains to prove (i). In this step we show that we may addi-
tionally assume the following:
Assumption 1. The pair (X,∆) is Q-factorial and terminal, and KX +∆
is nef.
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To this end, let π : X˜ → X be a small Q-factorialisation. As KX˜ +
π−1∗ ∆ ∼Q π
∗(KX + ∆), by replacing X by X˜ , ∆ by π
−1
∗ ∆ and L by π
∗L,
we may assume that X is Q-factorial by [LP18b, Lemma 2.14].
By Lemma 3.2, we have
κ(X,KX +∆) ≥ 0
and any sequence of flips of the pair (X,∆) terminates. Then as in Step 1
and the beginning of Step 2 of the proof of [LP18b, Lemma 5.2], there is a
birational contraction
θ : (X,∆) 99K (Xmin,∆min)
which is a composition of a sequence of operations of a (KX +∆)-MMP, a
positive rational number λ and a divisor Lmin := θ∗L on Xmin such that:
(a) KXmin +∆min is nef and s(KXmin +∆min)+Lmin is nef for all s ≥ λ,
(b) the map θ is
(
s(KX +∆) + L)-negative for s > λ,
(c) (KXmin + ∆min + tLmin) · C > 0 for every curve C on Xmin passing
through a very general point on Xmin and for every t > 0.
Denote
M := λ(KXmin +∆min) + Lmin.
Then M is nef by (a) and
n(Xmin,KXmin +∆min + tM) = n for all t > 0
by (c) and by Corollary 2.11. Assume that there exists a rational tmin0 > 0
such that KXmin +∆min + tM is num-effective for every 0 < t ≤ t
min
0 . Since
KXmin +∆min + tM = (tλ+ 1)
(
KXmin +∆min +
t
tλ+1Lmin
)
,
the divisor KXmin +∆min+ tLmin is num-effective for every 0 < t ≤
tmin
0
tmin
0
λ+1
.
But then by (b) and by Lemma 2.3, the divisor KX+∆+tL is num-effective
for every 0 < t ≤
tmin
0
tmin
0
λ+1
.
Therefore, by replacing X by Xmin, ∆ by ∆min and L by M , we achieve
that the variety X is Q-factorial, and the divisor KX +∆ is nef.
Now, let
ξ : (X ′,∆′)→ (X,∆)
be the composition of a terminalisation and a small Q-factorialisation. Since
KX′ +∆
′ ∼Q ξ
∗(KX +∆), it follows that, by replacing X by X
′, ∆ by ∆′
and L by ξ∗L, we may additionally assume that (X,∆) is a terminal pair,
hence we achieve Assumption 1.
Step 4. Now, if KX is pseudoeffective, then X is not uniruled and The-
orem F(i) follows from the Weak Generalised Nonvanishing Conjecture. If
KX is not pseudoeffective, then Theorem F(i) follows from Lemma 3.7. This
completes the proof. 
Theorems F and 3.1 follow immediately from Theorems 3.5 and 3.8.
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4. A criterion for Nonvanishing
In this section we prove a criterion – Theorem 4.1 – for effectivity of
divisors of the form KX + ∆ + L, where (X,∆) is a klt pair such that
KX + ∆ is nef and X is not uniruled, and if L is a nef Q-divisor on X. It
is crucial for the remainder of the paper.
Theorem 4.1 contains [LP18a, Theorem 4.3 and Theorem 8.1] as special
cases.
Theorem 4.1. Assume the existence of good models for klt pairs in dimen-
sions at most n− 1.
Let (X,∆) be a projective terminal pair of dimension n such that KX
pseudoeffective and KX + ∆ is nef. Let L be a nef Cartier divisor on X
and let t be a positive integer such that t(KX + ∆) is Cartier. Denote
M = t(KX +∆)+L, and let π : Y → X be a resolution of X. Assume that
for some positive integer p we have
H0
(
Y, (Ω1Y )
⊗p ⊗OY (mπ
∗M)
)
6= 0
for infinitely many integers m. Then κ(X,M) ≥ 0.
Proof. Let ρ : X ′ → X be a small Q-factorialisation of X. Then the pair
(X ′, ρ−1∗ ∆) is terminal and KX′ + ρ
−1
∗ ∆ ∼Q ρ
∗(KX +∆). We may assume
that π factors through ρ. By replacing (X,∆) by (X ′, ρ−1∗ ∆) and L by ρ
∗L,
we may thus assume that X is Q-factorial.
If M ≡ 0, then the assumptions imply that KX ≡ 0 (hence KX ∼Q 0 by
[Kaw85a, Theorem 8.2]), ∆ = 0 and L ≡ 0. Then κ(X,M) = κ(X,L) ≥ 0
by the first part of the proof of [LP18a, Theorem 8.1].
Therefore, from now on we may assume that M 6≡ 0. We apply [LP18a,
Lemma 4.1] with E := (Ω1Y )
⊗p and L := π∗OX(M). Then there exist a
positive integer r, a saturated line bundleM in
∧r E , an infinite set S ⊆ N
and integral divisors Nm ≥ 0 for m ∈ S such that
(13) OY (Nm) ≃M⊗L
⊗m.
Since X is terminal and KX is pseudoeffective, the divisor KY is also pseu-
doeffective, hence [LP18a, Proposition 4.2] implies that there exist a positive
integer ℓ and a pseudoeffective divisor F such that
(14) Nm + F ∼ mπ
∗M + ℓKY .
Noting that π∗Nm is effective and that π∗F is pseudoeffective, by pushing
forward the relation (14) to X we get
π∗Nm + π∗F ∼Q mM + ℓKX ,
and hence
π∗Nm + (π∗F + ℓ∆) ∼Q mM + ℓ(KX +∆).
Now we conclude by Theorem 4.2. 
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Theorem 4.2. Assume the existence of good models for klt pairs in dimen-
sions at most n− 1.
Let (X,∆) be a Q-factorial projective klt pair of dimension n such that
KX +∆ is nef, and let L be a nef Cartier divisor on X. Let t be a positive
integer such that t(KX + ∆) is Cartier, and denote M = t(KX + ∆) +
L. Assume that there exist a pseudoeffective Q-divisor F on X, a positive
integer ℓ and an infinite subset S ⊆ N such that
(15) Nm + F ∼Q mM + ℓ(KX +∆)
for all m ∈ S, where Nm ≥ 0 are integral Weil divisors. Then
κ(X,M) = max{κ(X,Nm) | m ∈ S} ≥ 0.
Proof. Steps 1–4 follow closely the proof of [LP18a, Theorem 3.1], and we
include the details for the benefit of the reader.
Note first that (15) implies
(16) Np −Nq ∼Q (p− q)M for all p, q ∈ S.
It suffices to show that
(17) κ(X,M) ≥ κ(X,Nm) for all large m ∈ S.
Indeed, then κ(X,M) ≥ 0, hence (16) gives κ(X,M) ≤ κ(X,Nm) for all
large m ∈ S and κ(X,Nq) ≤ κ(X,Np) for p, q ∈ S with q < p, which implies
the theorem.
Step 1. We claim that for every m ∈ S and every rational number λ > 0
we have
(18) κ(X,M + λNm) ≥ κ(X,Nm),
and in particular,
(19) κ(X,M + λNm) ≥ 0 for every m ∈ S and every rational λ > 0.
Indeed, fix m ∈ S and a rational number λ > 0. Pick m′ ∈ S so that
1
m′−m < λ. Then by (16) we have
M + λNm =
1
m′−m
(
(m′ −m)M +Nm
)
+
(
λ− 1m′−m
)
Nm(20)
∼Q
1
m′−mNm′ +
(
λ− 1m′−m
)
Nm,
which proves (18).
There are now three cases to consider.
Step 2. First assume that
M + λNp is big for some p ∈ S and some rational number λ > 0.
Since
M ∼Q
1
1+λp+λℓ/t
(
M + λNp + λF +
λℓ
t L
)
by (15), this implies that M is big, which shows (17).
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Step 3. Now assume that
κ(X,M + λNp) = 0 for some p ∈ S and some rational number λ > 0.
Fix q ∈ S such that 0 < 1q−p < λ. Then as in (20) we have
M + λNp ∼Q
1
q−pNq +
(
λ− 1q−p
)
Np,
hence κ(X,Nq) ≤ κ(X,M + λNp) = 0, and therefore κ(X,Nq) = 0. Let
r ∈ S be such that r > q. Then by (16) we have
M ∼Q
1
q − p
(Nq −Np) and M ∼Q
1
r − p
(Nr −Np),
so that
(r − p)Nq ∼Q (q − p)Nr + (r − q)Np ≥ 0.
Since κ(X,Nq) = 0, this implies
(r − p)Nq = (q − p)Nr + (r − q)Np,
and hence
(21) SuppNr ⊆ SuppNq and κ(X,Nr) = 0.
Therefore, for r > q, all divisors Nr are supported on the reduced Weil
divisor SuppNq. By [LP18a, Lemma 2.1] there are positive integers p
′ 6= q′
larger than q in S such that Np′ ≤ Nq′ , and thus by (16),
(q′ − p′)M ∼Q Nq′ −Np′ ≥ 0,
hence κ(X,M) ≥ 0. This together with (21) shows (17).
Step 4. Finally, by (19) and by Steps 2 and 3 for the rest of the proof we
may assume that
(22) 0 < κ(X,M + λNp) < n for every p ∈ S and every λ > 0.
In this step we show that
(23) κ(X,KX +∆) ≥ 0.
Indeed, fix p ∈ S and denote P = M +Np. Then κ(X,P ) ∈ {1, . . . , n − 1}
by (22), hence by [LP18a, Lemma 2.3] there exists a resolution π : Y → X
and a fibration f : Y → Z:
Y
π

f
// Z
X
such that dimZ = κ(X,P ), and for a very general fibre F of f and for every
π-exceptional Q-divisor G on Y we have
(24) κ
(
F, (π∗P +G)|F
)
= 0.
There exist effective Q-divisors ∆Y and E without common components
such that
KY +∆Y ∼Q π
∗(KX +∆) + E,
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and it is enough to show that κ(Y,KY +∆Y ) ≥ 0. By (24) we have
κ
(
F,
(
t(KY +∆Y ) + π
∗L+ π∗Np
)
|F
)
= κ
(
F, (π∗P + tE)|F
)
= 0.
In particular, (KY +∆Y )|F is not big on F since otherwise
(
t(KY +∆Y ) +
π∗L + π∗Np
)
|F would also be big on F . But then κ(Y,KY + ∆Y ) ≥ 0 by
[LP18a, Proposition 3.2], which proves the claim (23).
Step 5. From (22) and (23) it immediately follows that
0 ≤ κ(X,KX +∆+ λNp) < n for every p ∈ S and every λ > 0.
Assume that there exist two elements p < q in S and positive rational
numbers λp and λq such that
κ(X,KX +∆+ λpNp) = κ(X,KX +∆+ λqNq) = 0.
Then (23) implies κ(X,Np) = κ(X,Nq) = 0. Thus, as in Step 3 we have
κ(X,M) ≥ 0 and κ(X,Nr) = 0 for all r ∈ S with r ≥ q, which yields (17).
Step 6. Therefore, by Step 5 we may assume that
(25) 0 < κ(X,KX +∆+ λNp) < n for every p ∈ S and every λ > 0.
Fix integers w > k in S and a rational number 0 < ε≪ 1 such that
(a) the pair (X,∆+ εNk) is klt,
(b) ε(w − k) > 2n.
Then in Steps 6–8 we show that for every s ∈ S with s > w we have
(26) κ(X,M) ≥ κ(X,Ns),
which then implies (17) and proves the theorem.
Fix now any s ∈ S with s > w, and fix a rational number 0 < δ < ε such
that:
(c) the pairs (X,∆+ δNw) and (X,∆+ δNs) are klt.
Since we are assuming the existence of good models for klt pairs in lower
dimensions, by (25) and by [LP18a, Theorem 2.5] applied to a birational
model of the Iitaka fibration ofKX+∆+δNw, there exists a (KX+∆+δNw)-
MMP θ : X 99K Xmin which terminates with a good model for (X,∆+δNw).
We claim that:
(i) θ is Nw-negative,
(ii) θ is (KX+∆)-trivial as well as L-trivial; hence, the proper transforms
of t(KX+∆) and L at every step of this MMP are nef Cartier divisors
by [KM98, Theorem 3.7(4)],
(iii) θ is (KX +∆+ δNs)-negative.
Indeed, it is enough to show the claim for the first step of the MMP, as
the rest is analogous; one important point is that relations (15) and (16)
also continue to hold for the proper transforms of the divisors involved.
Let cR : X → Z be the contraction of a (KX+∆+δNw)-negative extremal
ray R in this MMP. Since KX +∆ is nef, we immediately get that R is Nw-
negative, which gives (i).
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For (ii), since KX + ∆ and L are both nef, it suffices to show that cR is
M -trivial. By the boundedness of extremal rays [Kaw91, Theorem 1], there
exists a rational curve C contracted by cR such that
(KX +∆+ εNk) · C ≥ −2n.
If cR were not M -trivial, then M ·C ≥ 1 as M is nef and Cartier. But then
(16) and the condition (b) above yield
(KX +∆+ εNw) · C = (KX +∆+ εNk) · C + ε(w − k)M · C > 0.
On the other hand, by (i) we have
(KX +∆+ εNw) · C = (KX +∆+ δNw) · C + (ε− δ)Nw · C < 0,
a contradiction which shows (ii).
Finally, by (16) and by (ii) we have
(KX +∆+ δNs) · R = (KX +∆+ δNw) · R+ δ(s − w)M ·R < 0,
which gives (iii).
Step 7. Now, by (ii) we have
κ(X,M) = κ(Xmin, θ∗M),
the divisor θ∗F is pseudoeffective, and
κ(Xmin, θ∗Nm) ≥ κ(X,Nm) for m ∈ S
by [LP18a, Lemma 2.8]. Furthermore, KXmin + θ∗∆+ δθ∗Nw is semiample,
and by (16) we have
KXmin + θ∗∆+ δθ∗Ns ∼Q KXmin + θ∗∆+ δθ∗Nw + δ(s − w)θ∗M,
hence KXmin + θ∗∆ + δθ∗Ns is likewise nef by (ii). By (iii) and by (25) we
have
κ(Xmin,KXmin + θ∗∆+ δθ∗Ns) = κ(X,KX +∆+ δNs) ∈ {1, . . . , n − 1},
hence KXmin + θ∗∆+ δθ∗Ns is semiample by [LP18a, Theorem 2.5] applied
to a birational model of the Iitaka fibration of KXmin + θ∗∆+ δθ∗Ns.
Therefore, in order to show (17), by replacing X by Xmin, ∆ by θ∗∆, L
by θ∗L, F by θ∗F and Nm by θ∗Nm for every m ∈ S, we may additionally
assume:
Assumption 1. The divisors KX + ∆ + δNw and KX + ∆ + δNs are
semiample, and κ(X,KX +∆+ δNs) ∈ {1, . . . , n − 1}.
Step 8. Let ϕw : X → Sw and ϕs : X → Ss be the Iitaka fibrations
associated to KX +∆+ δNw and KX +∆+ δNs, respectively. Then there
exist ample Q-divisors Aw on Sw and As on Ss such that
(27) KX +∆+ δNw ∼Q ϕ
∗
wAw and KX +∆+ δNs ∼Q ϕ
∗
sAs.
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If ξ is a curve on X contracted by ϕs, then by (16) we have
0 = (KX +∆+ δNs) · ξ = (KX +∆+ δNw) · ξ + δ(s − w)M · ξ
= (KX +∆+ δNw) · ξ + δ(s − w)(KX +∆) · ξ + δ(s − w)L · ξ,
hence
(KX +∆+ δNw) · ξ = (KX +∆) · ξ = L · ξ = 0
since KX +∆+ δNw, KX +∆ and L are nef.
This implies two things: first, that KX +∆ is ϕs-numerically trivial, and
hence by Lemma 2.4 there exists a Q-Cartier Q-divisor Bs on Ss such that
(28) KX +∆ ∼Q ϕ
∗
sBs.
Second, every curve contracted by ϕs is also contracted by ϕw. Hence, by
the Rigidity lemma [Deb01, Lemma 1.15] there exists a morphism ψ : Ss →
Sw such that ϕw = ψ ◦ ϕs.
X
ϕs
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥ ϕw
  ❇
❇❇
❇❇
❇❇
❇
Ss
ψ
// Sw
Therefore, denoting
Ls :=
1
δ(s−w)(As − ψ
∗Aw)− tBs
and
Fs := (ℓ+
1
δ )Bs +
1
δ(s−w)(wAs − sψ
∗Aw),
by (15), (16), (27) and (28) we have
(29) L ∼Q ϕ
∗
sLs and F ∼Q ϕ
∗
sFs.
This implies that Ls is nef and Fs is pseudoeffective. Now by (15), (27) and
(29) we have
(1 + δℓ+ δst)M = t(KX +∆+ δNs) + δtF + (1 + δℓ)L
∼Q ϕ
∗
s
(
tAs + δtFs + (1 + δℓ)Ls
)
.
Finally, since tAs + δtFs + (1 + δℓ)Ls is a big divisor on Ss, we obtain
κ(X,M) = κ
(
Ss, tAs + δtFs + (1 + δℓ)Ls
)
= dimSs
= κ(X,KX +∆+ δNs) ≥ κ(X,Ns),
where the last inequality follows by (23). This shows (26) and finishes the
proof. 
28 VLADIMIR LAZIC´ AND THOMAS PETERNELL
5. Metrics with generalised algebraic singularities, I
The goal of this section is to apply Theorem 4.1 in the case when one
knows that the nef divisors involved possess metrics with generalised alge-
braic singularities. This will have surprising consequences for the relation-
ship between effectivity and num-effectivity.
Additionally, we assume that KX is pseudoeffective and KX + ∆ is nef.
The general case, where KX is not necessarily pseudoeffective and KX +∆
is pseudoeffective rather then nef, will be treated in the following section.
We start with the following result. Part (i) contains [LP18a, Corollary
4.5 and Corollary 8.5] as special cases.
Theorem 5.1. Assume the existence of good models for klt pairs in dimen-
sions at most n− 1.
Let (X,∆) be a projective terminal pair of dimension n such that KX
is pseudoeffective and KX + ∆ is nef, and let L be a nef Q-divisor on X.
Assume that χ(X,OX ) 6= 0.
(i) Suppose that the divisor KX +∆+L has a singular metric with gen-
eralised algebraic singularities and semipositive curvature current.
Then for every Q-divisor L′ with L ≡ L′ we have κ(X,KX+∆+L
′) ≥
0.
(ii) In particular, if κ(X,KX +∆+ L) ≥ 0, then for every Q-divisor D
with KX +∆+ L ≡ D we have κ(X,D) ≥ 0.
Proof. Part (ii) follows immediately from part (i).
The assumptions imply thatKX+∆+L
′ has a singular metric with gener-
alised algebraic singularities and semipositive curvature current. Therefore,
we may assume that L = L′.
Let ρ : X ′ → X be a Q-factorialisation of X. Then ρ is an isomorphism
in codimension 1, hence
KX′ + ρ
−1
∗ ∆ = ρ
∗(KX +∆)
and the pair (X ′, ρ−1∗ ∆) is terminal. By replacing (X,∆) by (X
′, ρ−1∗ ∆), we
may thus assume that X is Q-factorial.
Choose a positive integer ℓ such that M := ℓ(KX+∆+L) is Cartier, and
so that there exist a resolution π : Y → X and a metric h with generalised
algebraic singularities on π∗OX(M) as in Section 2. Then the corresponding
curvature current T of h has the Siu decomposition
T = Θ+
r∑
j=1
λjDj ,
where the semipositive current Θ has all Lelong numbers zero, the num-
bers λj are positive and rational and the divisor
∑
Dj has simple normal
crossings. We have
(30) I(h⊗m) = OY
(
−
∑r
j=1⌊mλj⌋Dj
)
.
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Arguing by contradiction, we assume that κ(X,M) = −∞. Then by
Theorem 4.1, for all p ≥ 0 and for all m≫ 0 we have
H0
(
Y,ΩpY ⊗ π
∗OX(mM)
)
= 0,
and thus
H0
(
Y,ΩpY ⊗ π
∗OX(mM)⊗ I(h
⊗m)
)
= 0.
Theorem 2.17 implies that for all p ≥ 0 and for all m≫ 0:
Hp
(
Y,OY (KY +mπ
∗M)⊗ I(h⊗m)
)
= 0,
which together with (30) and Serre duality yields
(31) χ
(
Y,OY
(∑r
j=1⌊mλj⌋Dj −mπ
∗M
))
= 0
for all m ≫ 0. Let q be a positive integer such that qλj ∈ N for all j, and
D =
∑
qλjDj − qπ
∗M . Then (31) implies
χ
(
Y,OY (mD)
)
= 0 for all m≫ 0.
But then χ(Y,OY ) = 0. Since X has rational singularities, this implies
χ(X,OX) = 0, a contradiction which finishes the proof. 
When the metrics have all Lelong numbers zero, then the conclusion is
even stronger:
Theorem 5.2. Assume the existence of good models for klt pairs in dimen-
sions at most n− 1.
Let (X,∆) be a Q-factorial projective terminal pair of dimension n such
that KX is pseudoeffective and KX +∆ is nef, and let L be a nef Q-Cartier
divisor on X.
(i) Assume that KX + ∆ + L has a singular metric with semipositive
curvature current and vanishing Lelong numbers. If there exists a
positive integer m such that m(KX +∆+ L) is Cartier and
χ
(
X,OX
(
m(KX +∆+ L)
))
6= 0,
then for every Q-divisor L′ with L ≡ L′ we have κ(X,KX+∆+L
′) ≥
0.
(ii) If KX +∆ and KX +∆+L have singular metrics with semipositive
curvature currents and vanishing Lelong numbers (in particular, if
KX+∆ and KX+∆+L are semiample), and if χ(X,OX) 6= 0, then
for every Q-divisor L′ with L ≡ L′ and for every rational number
t ≥ 0, the divisor KX +∆+ tL
′ is semiample.
(iii) If KX+∆ has a singular metric h with semipositive curvature current
and vanishing Lelong numbers and if there exists a positive integer
ℓ such that ℓ(KX +∆) is Cartier and
χ
(
X,OX
(
ℓ(KX +∆)
))
6= 0,
then every Q-divisor G with KX +∆ ≡ G is semiample.
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Proof. In (i) and (ii), the assumptions imply that KX + ∆ + L
′ has a sin-
gular metric vanishing Lelong numbers and semipositive curvature current.
Therefore, we may assume that L = L′. Denote M := KX +∆+ L.
We first show (i). We follow closely the proof of Theorem 5.1. We may
assume that X is Q-factorial.
Arguing by contradiction, assume that κ(X,M) = −∞. By assumption,
there exist a positive integer ℓ and a desingularisation π : Y → X such that
ℓM is Cartier and π∗OX(ℓM) has a singular metric h with semipositive
curvature current and vanishing Lelong numbers. This implies that
I(h⊗m) = OY for all positive integers m.
Then by Theorem 4.1, for all p ≥ 0 and for all m≫ 0 we have
H0
(
Y,ΩpY ⊗ π
∗OX(mℓM)
)
= 0,
which together with Theorem 2.17 and Serre duality implies
Hp
(
Y, π∗OX(−mℓM)
)
= 0 for all p ≥ 0 and m≫ 0,
hence χ
(
Y, π∗OX(mℓM)
)
= 0 for all m ≫ 0, hence for all m. Since X has
rational singularities, we deduce
χ
(
X,OX (mℓM)
)
= 0 for all m,
a contradiction.
Next we show (ii). By (i) and since χ(X,OX ) 6= 0, we have
κ(X,KX +∆) ≥ 0 and κ(X,M) ≥ 0.
Then there exists an effective Q-divisor G such thatM ∼Q G. Fix a rational
number 0 < ε ≪ 1 such that the pair (X,∆ + εG) is klt, and note that
KX+∆+εG has a singular metric h with semipositive curvature current and
vanishing Lelong numbers, since both KX +∆ and G have such metrics. By
[GM17, Theorem 5.1], the divisors KX+∆ and KX+∆+εG are semiample.
Let ϕ0 : X → S0 and ϕε : X → Sε be the Iitaka fibrations of KX + ∆ and
KX +∆+ εG, respectively.
Let C be a curve contracted by ϕε. Then (KX +∆+ εG) ·C = 0 implies
(KX +∆) · C = G · C = 0
as both KX+∆ and G are nef, hence by the Rigidity lemma [Deb01, Lemma
1.15] there exists a morphism ξ : Sε → S0 such that ϕ0 = ξ ◦ ϕε.
X
ϕ0

ϕε
// Sε
ξ~~⑥⑥
⑥⑥
⑥⑥
⑥
S0
There exist ample Q-divisors Aε on Sε and A0 on S0 such that
KX +∆+ εG ∼Q ϕ
∗
εAε and KX +∆ ∼Q ϕ
∗
0A0,
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and denote Lε =
1
ε
(
Aε − (1 + ε)ξ
∗A0
)
. Then
L ∼Q ϕ
∗
εLε,
and hence Lε is nef. Since for every t ≥ 1 we have
KX +∆+ tL ∼Q
1
1+εϕ
∗
ε
(
Aε +
(
t+ (t− 1)ε
)
Lε
)
and Aε+
(
t+(t−1)ε
)
Lε is ample on Sε, the divisorKX+∆+tL is semiample
for every t ≥ 1. As KX + ∆ is semiample, it follows that KX + ∆ + tL is
semiample for every t ≥ 0.
Finally, for (iii), there exists a Q-divisor L ≡ 0 such that G = KX+∆+L.
By (i) we have κ(X,KX +∆) ≥ 0 and κ(X,KX +∆+L) ≥ 0, and then the
proof is the same as that of (ii). 
Theorem 5.1(ii) and Theorem 5.2(iii) show that the Generalised Non-
vanishing Conjecture, and in particular the techniques of this paper, have
unexpected consequences even for the usual Nonvanishing Conjecture. We
will partly generalise Theorem 5.2 in Theorem 6.6 below.
In small dimensions, Theorem 5.2 holds almost unconditionally by our
results in [LP18b]. We will present particularly interesting cases in Section
6.
6. Metrics with generalised algebraic singularities, II
In this section we generalise the results from the previous section without
assuming that we deal with minimal varieties.
We use the same strategy as in Section 3. The only issue is that we
have to check that the reduction results preserve the assumptions on the
singularities and the Euler-Poincare´ characteristic. We thus have to analyse
in detail the results of Section 3.
We start with the following lemma.
Lemma 6.1. Assume the termination of flips in dimensions at most n− 1,
and the Abundance Conjecture for klt pairs in dimensions at most n− 1.
Let (X,∆) be a projective klt pair of dimension n such that KX + ∆ is
pseudoeffective. Suppose that KX+∆ has a singular metric with generalised
algebraic singularities and semipositive curvature current. If χ(X,OX) 6= 0,
then κ(X,KX +∆) ≥ 0 and every sequence of flips of (X,∆) terminates.
Proof. By [HMX14, Corollary 1.2] it suffices to show that κ(X,KX+∆) ≥ 0.
By Remark 2.13, the pair (X,∆) has a weak Zariski decomposition, hence
it has a minimal model by [Bir12, Theorem 1.5]; note that we only need the
termination of klt flips in dimensions at most n−1, since the termination of
klt flips implies the termination of dlt flips by the special termination [Fuj07].
Let (Xm,∆m) be a minimal model of (X,∆). ThenKXm+∆m has a singular
metric with generalised algebraic singularities and semipositive curvature
current by Corollary 2.16. Since klt pairs have rational singularities, the
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Euler-Poincare´ characteristic of the structure sheaf is preserved during any
MMP of klt pairs, hence
χ(Xm,OXm) = χ(X,OX) 6= 0.
By passing to a terminalisation, we may assume that (Xm,∆m) is a terminal
pair. If X is uniruled, then κ(Xm,KXm +∆m) ≥ 0 by [DL15, Theorem 3.3].
If X is not uniruled, then KX is pseudoeffective by [BDPP13, Corollary 0.3],
hence κ(X,KX +∆) = κ(Xm,KXm +∆m) ≥ 0 by Theorem 5.1. 
Theorem 6.2. Assume the termination of flips in dimensions at most n−1,
and the Abundance Conjecture for klt pairs in dimensions at most n− 1.
Let (X,∆) be an n-dimensional Q-factorial terminal pair such that KX +
∆ is pseudoeffective, and let L be a nef Q-divisor on X. Suppose that KX +
∆ + L has a singular metric with generalised algebraic singularities and
semipositive curvature current and that χ(X,OX ) 6= 0. Assume that there
exists an effective Q-divisor D such that
KX +∆ ∼Q D ≥ 0 and Supp∆ ⊆ SuppD.
Then for every Q-divisor L0 with L ≡ L0 there exists a rational t0 > 0 such
that we have κ(X,KX +∆+ tL0) ≥ 0 for every 0 < t ≤ t0.
Proof. The assumptions imply that KX + ∆ + L0 has a singular metric
with generalised algebraic singularities and semipositive curvature current.
Therefore, we may assume that L = L0. We follow closely the proof of
Theorem 3.6.
Step 1. Let f : X ′ → X be a log resolution of the pair (X,D), and we
write
KX′ +∆1 ∼Q f
∗(KX +∆) + F
′,
where ∆1 and F
′ are effective Q-divisors with no common components.
Denote D1 := f
∗D + F ′ and L′ := f∗L, so that KX′ +∆1 ∼Q D1, and the
divisors
KX′ +∆1 and KX′ +∆1 + L
′
have singular metrics with generalised algebraic singularities and semiposi-
tive curvature currents. We may also assume that these metrics descend to
X ′, see Section 2.
Then Step 1 of the proof of Theorem 3.6 shows that there exists a Q-
divisor H ≥ 0 with SuppH = SuppD1 such that, if we denote ∆
′ := ∆1+H
and D′ := D1 + H, then the pair (X
′,∆′) is log smooth with ∆′ reduced,
and
KX′ +∆
′ ∼Q D
′ ≥ 0 with Supp∆′ = SuppD′.
In particular, there exists 0 < η0 ≪ 1 such that for all 0 ≤ η ≤ η0 the
divisors
KX′ + (1− η)∆
′ and KX′ + (1− η)∆
′ + L′
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have singular metrics with generalised algebraic singularities and semipos-
itive curvature currents which descend to X ′. As in Step 1 of the proof of
Theorem 3.6, it suffices to show that there exists a rational t′0 such that
(32) κ(X ′,D′ + tL′) ≥ 0 for every 0 < t ≤ t′0.
Step 2. As in Step 2 of the proof of Theorem 3.6 we construct a cyclic
covering π : X ′′ → X ′, a reduced divisor ∆′′1 on X
′′ such that
KX′′ +∆
′′
1 = π
∗(KX′ +∆
′),
and an effective Cartier divisor D′′1 := π
∗D′ on X ′′ such that
KX′′ +∆
′′
1 ∼ D
′′
1 ≥ 0 with Supp∆
′′
1 = SuppD
′′
1 .
Pick a rational number 0 < δ ≤ η0 such that
∆′′ := ∆′′1 − δπ
∗∆′ ≥ 0, D′′ := D′′1 − δπ
∗∆′ ≥ 0 and SuppD′′ = SuppD′′1 .
Then
(33) KX′′ +∆
′′ = π∗
(
KX′ + (1− δ)∆
′
)
and KX′′ +∆
′′ ∼Q D
′′,
and therefore, the pair (X ′′,∆′′) is klt by [KM98, Proposition 5.20]. Denote
L′′ := π∗L′. Then by Step 1 the divisors
KX′′ +∆
′′ and KX′′ +∆
′′ + L′′
have singular metrics with generalised algebraic singularities and semiposi-
tive curvature currents. Moreover, X ′′ is not uniruled and κ(X ′′,KX′′) ≥ 0
as in Step 4 of the proof of Theorem 3.6.
Step 3. Since we are assuming the termination of flips in dimension n −
1, [HMX14, Corollary 1.2] implies that any sequence of flips of the pair
(X ′′,∆′′) terminates. Therefore, by Proposition 3.3 there exists an L′′-trivial
(KX′′ +∆
′′)-MMP ϕ : X ′′ 99K Y such that KY + ϕ∗∆
′′ +mϕ∗L
′′ is nef for
some fixed m≫ 0. Denote ∆Y := ϕ∗∆
′′ and LY := ϕ∗L
′′.
As in the previous paragraph, any sequence of flips of the pair (Y,∆Y )
terminates. As in Step 1 and the beginning of Step 2 of the proof of [LP18b,
Lemma 5.2], there is a birational contraction
θ : (Y,∆Y ) 99K (Ymin,∆min)
which is a composition of a sequence of operations of a (KY + ∆Y )-MMP,
a positive rational number λ and a divisor Lmin := θ∗(mLY ) on Ymin such
that:
(a) KYmin +∆min is nef and s(KYmin +∆min) +Lmin is nef for all s ≥ λ,
(b) the map θ is
(
s(KY +∆Y ) +mLY )-negative for s > λ.
Set µ := max{λ,m}. Then by Step 1 the divisor
M := (µ+ 1)(KX′ + (1− δ)∆
′) +mL′
has a singular metric with generalised algebraic singularities and semiposi-
tive curvature current which descends to X ′.
34 VLADIMIR LAZIC´ AND THOMAS PETERNELL
Step 4. By assumption, we have the Siu decomposition
M ≡ Θ+
∑
λi[Di],
where Θ ≥ 0 has vanishing Lelong numbers, λi are positive rational numbers
and
∑
Di is a simple normal crossings divisor.
Let (p, q) : T → X ′′ × Ymin be a resolution of indeterminacies of the bira-
tional map θ ◦ ϕ : X ′′ 99K Ymin. Set g := π ◦ p : T → X
′.
T p
//
q
**
g
  ❆
❆❆
❆❆
❆❆
❆ X
′′
π

θ◦ϕ
//❴❴❴❴❴❴ Ymin
X ′
Then
MT := g
∗M ≡ g∗Θ+
∑
λig
∗[Di].
We may assume that
∑
λig
∗Di has simple normal crossings support.
Step 5. Denote
M ′′ := π∗M and Mmin := (θ ◦ ϕ)∗M
′′ = q∗MT .
Then by (33) we have
M ′′ = (µ+ 1)(KX′′ +∆
′′) +mL′′,
and hence
Mmin = (µ + 1)(KYmin +∆min) + Lmin.
The divisor Mmin is nef by (a).
We claim that κ(Ymin,Mmin) ≥ 0. The claim immediately implies the
theorem: indeed, then κ(X ′,M ′) = κ(X ′′,M ′′) ≥ 0 by (b), which gives (32),
as desired.
Step 6. It remains to prove the claim. Assume by contradiction, that
κ(Ymin,Mmin) = −∞. Since MT = p
∗M ′′, by (b) there exists an effective
q-exceptional Q-divisor E on T such that
MT ∼Q q
∗Mmin + E.
The proof of Lemma 2.15 shows that
∑
λig
∗Di ≥ E, so that
q∗Mmin ≡ g
∗Θ+
(∑
λig
∗Di − E
)
.
Set
N := (
∑
λig
∗Di − E)− q
∗Mmin.
Then as in the proof of Theorem 5.1, for all p ≥ 0 and all ℓ sufficiently
divisible we have
(34) Hp
(
T,OT (ℓN)
)
= 0.
Since
N ∼Q
∑
λig
∗Di −MT = p
∗π∗
(∑
λiDi −M
)
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and since X ′′ has rational singularities by Step 2, Equation (34) implies
Hp
(
X ′′,OX′′
(
ℓπ∗
(∑
λiDi −M
)))
= 0
for all p ≥ 0 and all ℓ sufficiently divisible. As π is finite, [Laz04, Lemma
4.1.14] gives
Hp
(
X ′,OX′
(
ℓ
(∑
λiDi −M
)))
= 0
for all p ≥ 0 and all ℓ sufficiently divisible. As in the proof of Theorem 5.1,
this implies
χ(X ′,OX′) = 0,
hence χ(X,OX ) = 0 since X has rational singularities. This is a contradic-
tion which proves the claim and finishes the proof of the theorem. 
Theorem 6.3. Assume the termination of flips in dimensions at most n−1,
and the Abundance Conjecture in dimensions at most n− 1.
Let (X,∆) be an n-dimensional Q-factorial terminal pair such that KX +
∆ is pseudoeffective, let L be a nef Q-divisor on X, and assume that there
exists a minimal model of (X,∆). Suppose that KX +∆+L has a singular
metric with generalised algebraic singularities and semipositive curvature
current and that χ(X,OX ) 6= 0. Assume that KX is not pseudoeffective.
Then for every Q-divisor L0 with L ≡ L0 there exists a rational t0 > 0
such that we have κ(X,KX +∆+ tL0) ≥ 0 for every 0 < t ≤ t0.
Proof. The assumptions imply that KX + ∆ + L0 has a singular metric
with generalised algebraic singularities and semipositive curvature current.
Therefore, we may assume that L = L0. The proof is analogous to that
of Lemma 3.7, by invoking Theorem 6.2 instead of Theorem 3.6, and by
invoking Lemma 6.1 instead of Lemma 3.2. 
Finally, we have all the ingredients to prove Theorem C; Corollary D is
an immediate consequence.
Proof of Theorem C. The assumptions imply thatKX+∆+L
′ has a singular
metric with generalised algebraic singularities and semipositive curvature
current. Therefore, we may assume that L = L′.
Step 1. Note that the assumptions imply that for each 0 ≤ t ≤ 1, the divi-
sor KX+∆+tL has a singular metric with generalised algebraic singularities
and semipositive curvature current.
By Lemma 6.1 we have κ(X,KX + ∆) ≥ 0 and every sequence of flips
of (X,∆) terminates. By Proposition 3.3, by Lemma 2.3 and by Corollary
2.16 we may assume that KX +∆+ L is nef.
We follow the proof of Theorem 3.8 closely. However, note that the con-
clusion in part (i) is stronger than that of Theorem F(i). We are thus
somewhat more careful how we conduct the proof.
Step 2. It suffices to show (i). Indeed, if n(X,KX +∆+ L) < n, then in
this case of part (ii) we conclude by Theorem 3.1. Thus, we may (for part
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(ii)) assume that n(X,KX +∆+ L) = n. Then this is done analogously as
in Step 2 of the proof of Theorem 3.8.
Step 3. Therefore, from now on we prove (i). Then analogously as in
Step 3 of the proof of Theorem 3.8, by using that metrics with generalised
algebraic singularities and semipositive curvature currents are preserved by
an MMP by Corollary 2.16, we show that we may additionally assume the
following:
Assumption 1. The pair (X,∆) is Q-factorial and terminal, and KX +∆
is nef.
We only note that we do not prove (but we also do not need) item (c) in
Step 3 of the proof of Theorem 3.8.
Now, if KX is pseudoeffective, then (i) follows from Theorem 5.1. If KX
is not pseudoeffective, then (i) follows from Theorem 6.3. This completes
the proof. 
When the variety is not uniruled, or if we add an additional assumption,
we get more:
Theorem 6.4. Assume the termination of flips in dimensions at most n−1,
and the Abundance Conjecture in dimensions at most n− 1.
Let (X,∆) be a projective klt pair of dimension n such that KX + ∆ is
pseudoeffective, and let L be a nef Q-divisor on X. Suppose that KX+∆ and
KX + ∆ + L have singular metrics with generalised algebraic singularities
and semipositive curvature currents, and that χ(X,OX ) 6= 0.
Assume either that X is not uniruled, or assume the semiampleness part
of the Abundance Conjecture in dimension n. Then there exists a positive
rational number t0 such that for every Q-divisor L
′ with L ≡ L′ we have
κ(X,KX +∆+ tL
′) ≥ 0 for every 0 ≤ t ≤ t0.
Proof. When X is not uniruled, the proof is the same as the proof of Theo-
rem C, by noticing that we do not need Theorem 6.3.
Now, for the rest of the proof we do not assume that X is not uniruled,
but we assume the semiampleness part of the Abundance Conjecture in
dimension n. Fix a Q-divisor L′ with L ≡ L′. We will show that there exists
a rational number t0 > 0, independent of L
′, such that κ(X,KX+∆+tL
′) ≥
0 for all 0 ≤ t ≤ t0.
By Theorem C there exists a positive rational number r′0 such that
κ(X,KX +∆+ tL
′) ≥ 0 for all 0 ≤ t ≤ r′0.
Since we are assuming the termination of flips in dimension n − 1, by
[HMX14, Corollary 1.2] every sequence of flips of (X,∆) terminates. There-
fore, by Proposition 3.3 there exists an L-trivial (hence L′-trivial) (KX+∆)-
MMP ϕ : X 99K Y such that KY +ϕ∗∆+mϕ∗L is nef for some fixed m≫ 0.
Denote ∆Y := ϕ∗∆, LY := ϕ∗L and L
′
Y := ϕ∗L
′.
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As in the previous paragraph, any sequence of flips of the pair (Y,∆Y )
terminates. As in Step 1 and the beginning of Step 2 of the proof of [LP18b,
Lemma 5.2], there is a birational contraction
θ : (Y,∆Y ) 99K (Ymin,∆min)
which is a composition of a sequence of operations of a (KY +∆Y )-MMP, a
positive rational number λ and a divisor Lmin := θ∗LY on Ymin such that:
(a) KYmin+∆min is nef and s(KYmin+∆min)+mLmin is nef for all s ≥ λ,
(b) the map θ is
(
s(KY +∆Y ) +mLY )-negative for s > λ.
Denote L′min := θ∗L
′
Y . Then clearly:
(a0) s(KYmin +∆min) +mL
′
min is nef for all s ≥ λ,
(b0) the map θ is
(
s(KY +∆Y ) +mL
′
Y )-negative for s > λ.
Denote M := λ(KYmin + ∆min) +mL
′
min. Then M is nef by (a0). Since
κ(Ymin,KYmin + ∆min + tL
′
min) ≥ 0 for 0 ≤ t ≤ r
′
0, there exist a rational
number 0 < δ ≤ min{r′0,m/λ} and an effective divisor G
′ such that
KYmin +∆min + δL
′
min ∼Q G
′.
Then G′ is nef by (a0), and set G :=
m
m−δλG
′. We have
KYmin +∆min +
δ
m−δλM =
m
m−δλ (KYmin +∆min + δL
′
min) ∼Q G.
Fix a rational number 0 < ε≪ 1 such that the pair (Ymin,∆min+ εG) is klt,
and note thatKYmin+∆min+εG is nef sinceKYmin+∆min andG are nef. Since
κ(Ymin,KYmin + ∆min + εG) ≥ 0 and since we are assuming semiampleness
part of the Abundance Conjecture in dimension n, the divisors KYmin+∆min
and KYmin + ∆min + εG are semiample. Then we conclude that KYmin +
∆min + tM is semiample for all t ≥ 0 as in the proof of Theorem 5.2(ii). In
particular, the divisor (λ+1)(KYmin +∆min)+mL
′
min is semiample. But by
(b0) this implies
κ
(
X,KX +∆+
m
λ+1L
′
)
= κ
(
Y,KY +∆Y +
m
λ+1L
′
Y
)
≥ 0.
This finishes the proof. 
We deduce the following surprising fact from Theorem C when L = 0.
Corollary 6.5. Assume the termination of flips in dimensions at most n−1,
the Abundance Conjecture in dimensions at most n− 1, and the semiample-
ness part of the Abundance Conjecture in dimension n.
Let (X,∆) be a projective klt pair of dimension n such that KX + ∆ is
pseudoeffective. Suppose that KX+∆ has a singular metric with generalised
algebraic singularities and semipositive curvature current. If χ(X,OX) 6= 0,
then for every Q-Cartier divisor L with L ≡ 0 and for every rational number
t ≥ 0 we have κ(X,KX +∆+ tL) ≥ 0.
Proof. Fix a Q-divisor L with L ≡ 0. Then by Theorem C there exists
a positive rational number t0 such that κ(X,KX + ∆ + tL) ≥ 0 for all
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0 ≤ t ≤ t0. Since we are assuming the termination of flips in dimension n−1,
by [HMX14, Corollary 1.2] every sequence of flips of (X,∆) terminates.
Let ϕ : X 99K Y be any (KX+∆)-MMP which terminates with a minimal
model (Y,∆Y ), where ∆Y := ϕ∗∆. Denote LY := ϕ∗L, and note that
this MMP is L-trivial. Then there exists an effective divisor G such that
KY + ∆Y + t0LY ∼Q G. Fix a rational number 0 < ε ≪ 1 such that the
pair (Y,∆Y + εG) is klt, and note that KY + ∆Y + εG is nef since both
KY +∆Y and G are nef. Since κ(Y,KY +∆Y + εG) ≥ 0 and since we are
assuming semiampleness part of the Abundance Conjecture in dimension n,
the divisors KY +∆Y and KY +∆Y +εG are semiample. Then we conclude
that KY +∆Y + tLY is semiample for all t ≥ 0 as in the proof of Theorem
5.2(ii), which implies the result. 
We also have the following partial generalisation of Theorem 5.2, where
we do not assume that the variety is not uniruled:
Theorem 6.6. Assume the termination of flips in dimensions at most n−1,
and the Abundance Conjecture in dimensions at most n− 1.
Let (X,∆) be a Q-factorial projective klt pair of dimension n, and let L be
a nef Q-Cartier divisor on X. Assume that KX +∆ and KX +∆+L have
singular metrics with semipositive curvature currents whose Lelong numbers
are all zero. If χ(X,OX) 6= 0, then for every Q-divisor L
′ with L ≡ L′ and
for every rational number t ≥ 0, the divisor KX +∆+ tL
′ is semiample.
Proof. Fix a Q-divisor L′ with L ≡ L′. Then by Theorem C there exists
a positive rational number t0 such that κ(X,KX + ∆ + tL
′) ≥ 0 for all
0 ≤ t ≤ t0. We may assume that t0 ≤ 1. Then there exists an effective
divisor G such that KX +∆+ t0L ∼Q G. Fix a rational number 0 < ε≪ 1
such that the pair (X,∆ + εG) is klt, and note that KY + ∆Y + εG has a
singular metric with semipositive curvature current whose Lelong numbers
are all zero since both KX +∆ and G do. Since κ(X,KX +∆+ εG) ≥ 0, by
[GM17, Theorem 5.1] the divisors KX+∆ and KX+∆+εG are semiample.
Then we conclude that KX + ∆ + tL
′ is semiample for all t ≥ 0 as in the
proof of Theorem 5.2(ii). 
We summarise the situation for surfaces and threefolds in the following
two results.
Corollary 6.7. Let (X,∆) be a projective klt surface pair such that KX+∆
is pseudoeffective, and let L be a nef Q-Cartier divisor on X. Assume that
χ(X,OX) 6= 0.
(i) Then for every Q-divisor D with KX+∆ ≡ D we have κ(X,D) ≥ 0.
(ii) If KX +∆+L is nef, then every Q-divisor D with KX +∆+L ≡ D
is semiample.
Proof. Since dimX = 2, the assumptions of Corollary 6.5 are satisfied, which
gives (i). Furthermore, the assumptions of Theorem 6.6 are satisfied by
[LP18b, Corollary C], which shows (ii). 
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Corollary 6.8. Let (X,∆) be a projective klt threefold pair such that KX+∆
is pseudoeffective, and let L be a nef Q-Cartier divisor on X. Assume that
χ(X,OX) 6= 0.
(i) Then for every Q-divisor D with KX+∆ ≡ D we have κ(X,D) ≥ 0.
(ii) If KX + ∆ is nef, then every Q-divisor D with KX + ∆ ≡ D is
semiample.
(iii) If ν(X,KX + ∆) > 0 and KX + ∆ is nef, then every Q-divisor D
with KX +∆+ L ≡ D is semiample.
Proof. Since dimX = 3, the assumptions of Corollary 6.5 are satisfied, which
gives (i). For (ii), the divisor KX + ∆ is semiample by the Abundance
Conjecture on threefolds, hence Theorem 6.6 applies. Finally, for (iii) the
assumptions of Theorem 6.6 are satisfied by [LP18b, Corollary D]. 
7. Numerical dimension 1
In case of numerical dimension one, the results of Section 5 hold uncon-
ditionally. More precisely, the following theorem and Theorem B generalise
[LP18a, Theorem 6.3 and Theorem 6.7].
Theorem 7.1. Let (X,∆) be a projective terminal pair of dimension n such
that KX+∆ is nef. Let L be a nef Cartier divisor on X and let t be a positive
integer such that t(KX+∆) is Cartier. DenoteM = t(KX+∆)+L. Assume
that ν(X,M) = 1 and let π : Y → X be a resolution of X. Assume that for
some positive integer p we have
H0
(
Y, (Ω1Y )
⊗p ⊗OY (mπ
∗M)
)
6= 0
for infinitely many integers m. Then M is num-effective.
Proof. By repeating verbatim the proof of Theorem 4.1, we obtain that there
exist a resolution π : Y → X, a positive integer ℓ, infinitely many positive
integers m, effective Weil divisors Nm on Y and a pseudoeffective divisor F
on Y such that
(35) π∗Nm + (π∗F + ℓ∆) ∼Q mM + ℓ(KX +∆).
Assume that there exist positive integers m1 < m2 such that Nm1 = Nm2 =
0. Then (35) gives
(m2 −m1)M ∼Q 0,
and the result follows. Therefore, there exists a positive integer m0 such
that Nm0 6= 0. By adding
ℓ
tL to the relation (35) for m = m0, we obtain
π∗Nm0 +
(
π∗F + ℓ∆+
ℓ
tL
)
∼Q
(
m0 +
ℓ
t
)
M.
We then conclude by [LP18a, Theorem 6.1]. 
Proof of Theorem B. Fix a rational number t ≥ 0 and setM := KX+∆+tL.
We will show that M is num-effective.
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Assume first that t > 0. Then we first claim that ν(X,M) = 1. Indeed,
if t ≤ 1, then
1 = ν
(
X, t(KX +∆+ L)
)
≤ ν(X,M) ≤ ν(X,KX +∆+ L) = 1
as (1− t)(KX +∆) and (1− t)L is pseudoeffective, and similarly if t ≥ 1.
If there exist a resolution π : Y → X, a positive integerm such thatmM is
Cartier, and a singular metric h on π∗OX(mM) with semipositive curvature
current, such that I(h) 6= OY , then the result follows from [LP18a, Theorem
6.5].
Otherwise, pick a resolution π : Y → X, a positive integer m such that
mM is Cartier, and a singular metric h on π∗OX(mM) with semipositive
curvature current. Then the proof is the same as that of Theorem 5.1, by
invoking Theorem 7.1 instead of Theorem 4.1.
Finally, if t = 0, then ν(X,M) ≤ ν(X,KX + ∆ + L) = 1 since L is
pseudoeffective. If ν(X,M) = 0, thenM ≡ 0. Otherwise, ν(X,M) = 1, and
then M is num-effective by the argument above, by setting L = 0. 
8. Maps to abelian varieties
In this section we apply our methods to varieties admitting a morphism
to an abelian variety.
Theorem 8.1. Assume the Generalised Nonvanishing Conjecture in dimen-
sions at most n− 1, the Abundance Conjecture in dimensions at most n− 1
and the termination of flips in dimensions at most n− 1.
Let (X,∆) be a projective klt pair of dimension n such that KX + ∆
is pseudoeffective, and let L be a nef Q-divisor on X. Assume that there
exists a nonconstant morphism α : X → A to an abelian variety A. Then
KX +∆+ tL is num-effective for all t ≥ 0.
Proof. By replacing L by some multiple, we may assume that L is Cartier.
Consider the Stein factorisation of α:
X
β
−→Y
γ
−→A.
Let F be a general fibre of β. Then κ
(
F, (KX+∆)|F
)
≥ 0 by the Generalised
Nonvanishing Conjecture in dimension dimF and by [CKP12, Theorem 0.1],
hence κ(X,KX + ∆) ≥ 0 by [Hu18, Lemma 3.5]. Therefore, it suffices to
prove that KX +∆+ tL is num-effective for any t > 2n.
Fix any m > 2n. By [HMX14, Corollary 1.2], any sequence of flips of
the pair (X,∆) terminates. Therefore, by Proposition 3.3 there exists an
L-trivial (KX +∆)-MMP ϕ : X 99K Y such that KY + ϕ∗∆+mϕ∗L is nef.
We claim that this MMP is, in fact, a relative MMP over Y (hence over
A). Indeed, it suffices to show this on the first step of the MMP, as the rest
is analogous. Let cR : X → Z be the contraction of a (KX + ∆)-negative
extremal ray, and letH be an ample divisor on Y . Then by the Cone theorem
[KM98, Theorem 3.7], R is spanned by the class of some rational curve C on
X. Since abelian varieties contain no rational curves, neither does Y , and
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therefore C has to be contracted by β. In particular, β∗H · C = 0. If C ′ is
any other curve contracted by cR, then C
′ is numerically proportional to C.
Hence, β∗H · C ′ = 0 and so C ′ is contracted by β. By the Rigidity lemma
[Deb01, Lemma 1.15], the morphism β factors through cR, which proves the
claim.
By Lemma 2.3 it suffices to show that KY +ϕ∗∆+mϕ∗L is num-effective.
Therefore, by replacing X by Y , ∆ by ∆Y and L by mLY , we may assume
additionally that KX+∆+L is nef. We need then to show that KX+∆+L
is num-effective.
If n(X,KX +∆+L) < n, then KX +∆+L is num-effective by Theorem
3.1.
If n(X,KX +∆+ L) = n, then for a very general fibre F of β we have
n
(
F, (KX +∆+ L)|F
)
= dimF
by [LP18b, Lemma 2.10]. Then (KX +∆+ L)|F is big by [LP18b, Lemma
5.2], and hence KX +∆+L is β-big. Then KX +∆+L is num-effective by
[BC15, Theorem 4.1]. 
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